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NEWTON’S THEORY OF KINETICS. 
BY ME. W. H. MACAULAY. 


Ovr knowledge of kinetics is primarily derived from ex- 
periments on terrestrial motions. Galileo made the first im- 
portant step by his study of the motions of falling bodies 
and projectiles relative to the earth. He eliminated the ef- 
fects of friction and of the resistance of the air, and dis- 
covered the laws, which are approximately correct, of the 
uniform acceleration of a body falling or sliding on an in- 
clined plane, and of the parabolic motion of a projectile. 
His investigations do not touch the question of the intro- 
duction of any correction involving the earth’s rotation. 

The earliest recorded suggestion of such a correction be- 
ing needed is due to Newton. Starting with the view, 
which he regarded as generally accepted, that an isolated 
particle would move uniformly relatively to some base, he 
was doubtless convinced by his study of the planetary 
motions that this base, if it existed, was not the earth. In 
a letter to Hooke, dated November 28, 1679,* he points out 
that the question whether the earth has a diurnal motion, 
relative to this supposed base, could be put to the test by ob- 
serving whether the path of a body, falling freely from rest, 
diverges from the vertical line, indicated by a plumb line. 
He describes in detail the way in which the experiment 
might be carried out, his expectation being that there would 
be a deflection to the east, “ quite contrary,” he says, “to 
the opinion of the vulgar who think that, if the earth 
moved, heavy bodies in falling would be outrun by its parts 
and fall on the west side of the perpendicular.’”’ Hooke 
made the experiment, but it is doubtful whether the results 
which he obtained were of much value. He thought that a 
deviation due to the earth’s rotation should be more to the 
south than to the east, and he professed to find a consider- 
able southeasterly deviation. Moreover in one case, in 
which a ball was dropped into a box full of clay, marked 
with cross lines, the height from which it fell was only 27 
feet, for which the deviation should have been only about 
one hundredth of aninch. What weight, if any, Newton 
attached to Hooke’s results does not appear, but he adhered 
to the view that a base of reference should be adopted with 
a diurnal rotation, and probably also an acceleration, rela- 
tive to the earth, and set himself to modify the existing 


* An Essay on Newton’s Principia, by W. W. Rouse Ball, p. 142. 


364 NEWTON’S THEORY OF KINETICS. [July, 


theory in such a way as to fit it for universal application. 
The statement which he produced is contained in the two 
introductory chapters of the Principia, the titles of which 
are “ Definitiones’’ and “ Axiomata sive leges motus.’’ 

It is important to notice how difficult the task was which 
Newton undertook. He saw the need for a new base of 
reference, and that this base could only be defined by tests 
supplied by the theory. He saw also that force (or ‘‘im- 
pressed force’’ as he calls it) must be measured in terms of 
motion. Thus the various points to be dealt with inter- 
acted among themselves in an embarrassing way. Moreover 
the measurement of quantity of motion required generaliz- 
ing. Under these conditions he appears not to have at- 
tempted to devise a statement in strict logical sequence. 
He seems to have contented himself with describing his new 
point of view in the language which he had accustomed 
himself to use, modifying the existing theory, such as it 
was, instead of wholly recasting it. Thus the relations be- 
tween force and quantity of motion or mass and base of 
reference are allowed to appear incidentally, instead of be- 
ing set out in an orderly sequence. His avoidance of 
blunders, in spite of the confused arrangement, affords 
strong evidence of the soundness of his views, and justifies 
us in adopting a favorable interpretation of passages in 
which the explanations given are incomplete. In the fol- 
lowing examination of his statement this is the light in 
which it is regarded. 

The point which it is natural to consider first in the 
measurement of time is a physical quantity. Newton dis- 
cusses this question in the Scholium appended to the defi- 
nitions. He gives no sanction to the view, which many 
writers have adopted, that the measure of time is defined 
by the first law of motion. On the contrary he appears to 
regard the measurement of time as a matter independent 
of his theory. He states that there is a standard time, 
which he calls “absolute time,’’ and chiefly concerns him- 
self with insisting upon the distinction between this and 
what he calls ‘‘ relative time,’’ the name which he seems to 
apply to time as measured by any particular physical con- 
trivance. A year, a month and a day are the times which 
elapse between the occurrences of certain astronomical events, 
and an hour is to be regarded as a certain fraction of a day; 
thus all these measures of time are referred to as “‘ rela- 
tive.’’ Absolute time, he says, flows equally without rela- 
tion to anything apart from itself ; and so Professor Mach * 


* The Science of Mechanics ( American edition), p. 224. 
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has accused him of introducing an idle metaphysical con- 
ception of no practical value. Newton, no doubt, to some 
extent lays himself open to such an accusation ; but the 
point which he insists upon is perfectly correct. The dis- 
tinction between time as measured by the earth’s rotation, 
or any clock, and the ultimate standard to be used in 
physics is a real and-important one. The question is what 
indication Newton gives of the tests by means of which this 
standard may be referred to. Such an indication occurs in 
the last sentence of his discussion of the subject. He has 
been speaking of the ‘‘ equation of time’’ as the correction 
to be applied to time as measured by solar days to give ab- 
solute time, and he says that the necessity of this correction 
is shown both by experiments with the pendulum clock, 
and by the eclipses of the satellites of Jupiter. These words 
prove that he did not regard his standard as beyond the 
pale of physical test, and give, so far as they go, a correct 
indication of the nature of the tests to be applied. The ul- 
timate test of equal times appears, in fact, to be based upon 
the comparison of the results of various examples of what 
may be called repetition methods of measurement. The 
numerical measure of a period of time might be defined as 
being the number of times a given physical operation would 
take place in the course of it, if repeated under identical 
circumstances, without any interval between the repetitions. 
This definition cannot be directly applied, since no two 
events can happen with absolutely identical surroundings ; 
thus the conception of an exact ratio between two periods of 
time is derived from the comparison of the results given by 
@ variety of methods which approximately fulfil the condi- 
tions laid down in the definition, results which are on 
the whole consistent. There is no reason to suppose that 
the mental comparison of two periods of time, based upon 
a@ succession of thoughts, is either inconsistent with the 
physical test or independent of it. The rotation of the 
earth, relative to the fixed stars, is referred to as affording 
a practical standard because, after comparison with other 
repetition methods, it is found that the average results 
agree, but that the performance of the earth is better than 
that of any clock. 

The Scholium in which the measurement of time is dis- 
cussed deals also with the question of the base of reference 
to be used for space and motion. In fact, time and space 
are dealt with together, the same language being applied to 
both. And as, in the case of time, the author is chiefly 
concerned with distinguishing between the measures of 
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time by particular contrivances and the ideal measure 
which is the standard for scientific purposes, so, in the case 
of space and motion, he is chiefly concerned with distin- 
guishing between motion relative to any particular body 
and what he chooses to call “‘ absolute motion.’’ The distinc- 
tion is one of equal importance in the theory. The weak 
point in Newton’s treatment of it is that he insists too 
much upon the fundamental character of his base. Instead 
of saying that the theory establishes a certain base of refer- 
ence, in terms of which the relative motions of bodies are 
capable of peculiarly simple expression, he seems to as- 
sume the existence of a fundamental base, as if it were a 
thing already known, and then turns to the question of the 
tests by which and the extent to which it can be identified. 
This inversion in logical arrangement makes no difference 
to the scientific result, but it possibly points to a certain 
amount of confusion of ideas as to the exact limits of the 
ground covered by the theory. The confusion, if it can be 
so called, shows itself in another point of arrangement ; 
for in the Scholium “ absolute space’’ is referred to as a 
definite framework relative to which absolute position can 
be assigned, and it is not till the next chapter (corollary 
V), that the author completes the statement by making the 
necessary qualification. This qualification amounts to say- 
ing that, having given one set of axes which will serve as a 
base for the statement of the theory, any other set which 
moves, relatively to the first, uniformly without rotation will 
do equally well. The qualification is however given, and, 
when we gather together all that is said on the subject, it 
is not easy to find any material flaw or omission. Having 
regard to the fact that Newton had in his mind the idea of 
the existence of an all pervading medium or ether, we are 
rather tempted to think that the notion of reference to 
such a medium tinged his views as to the base for space 
measurement. Professor Mach* says that Newton cer- 
tainly had no such idea ; but there does not seem to be any 
sufficient ground for this dogmatic assertion. 

In a formal exposition of Newton’s theory it is necessary 
to state, as one of the fundamental features of it, the con- 
ception of the division of matter into particles. Newton 
does not do this clearly; he contents himself with speak- 
ing of the parts of a body when he is dealing with one of 
which all points have not the same motion. His word 
“corpus ” should often be translated “ particle.” This is 
@ point which presents no difficulty. 


* The Science of Mechanics (American edition), p. 230. 
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Another matter as to which he is wanting in preciseness 
is his use of the word “force.” Probably, however, it had 
not occurred to him to give an exact technical meaning to 
this word taken by itself. It is important to note that he 
commonly uses it in conjunction with some qualifying ad- 
jective or participle, such as innate, impressed, centripetal, 
accelerative, and motive. In fact some vague word, like 
influence or tendency, sometimes seems to be the best 
translation of Newton’s word “ vis”’. 

The chief points laid down in the first chapter may be 
briefly summarized as follows : 

(1) The mass of a body is measured by the product of 
its density and volume. It is no doubt intended to be un- 
derstood that density is a property attached to each point of 
a body, independent of its surroundings so long as the body 
undergoes no change, and uniform in a body which other 
tests show to be homogeneous ; accordingly this statement 
implies that the mass of a body is the sum of the masses of 
its parts. Thus the definition of mass, when completed 
incidentally in the following chapter, is to be subject to this 
proviso. 

(2) The masses of bodies at a given place on the earth 
are found to be proportional to their weights. 

(3) The quantity of motion (or the momentum) of a 
particle is measured by the product of its mass and its ve- 
locity. 

(4) A force (or impressed force) acting upon a particle 
is somehow to be measured in terms of the motion of the 
particle relative to the base of reference adopted. 

(5) The standard measurement of time is independent 
of the theory, and is based upon the comparison of the re- 
sults of different repetition methods of measurement. 

(6) The base, relative to which motion is to be reckoned 
in the statement of the theory, is to be defined by the test 
that all changes of velocity of particles relative to it are to 
be capable of expression in terms of impressed force. 

The second chapter begins with the three laws of motion. 
Newton does not claim these as his own, and seems to have 
regarded them as having the advantage of being in a form 
which would meet with ready acceptance. The laws are 
worded as if the base of reference and the mass of a body 
had been completely defined. Thus the author escapes 
from the logical intricacies which have already been re- 
ferred to. The position may be put as follows: These 
laws are approximately true for terrestrial motions relative 
to the earth, with masses measured by weights; and we 
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now say that a base of reference can be so chosen, and 
masses so assigned to all particles of the universe, that they 
shall be accurately and universally true. This, together 
with what is contained in the previous definition of mass, 
is Newton’s theory. 

Let us go through Newton’s three laws in detail. The 
rest and motion referred to in the first law are relative to 
the base which he has chosen, and has explained the char- 
acteristics of in terms of force. Impressed force has not 
been completely defined, so we must pass on at once to the 
second law. In the second law let us replace, in accordance 
with modern usage, change of motion (or momentum) by 
rate of change of momentum. This law then gives the re- 
lation between force, with its modern signification, and the 
corresponding rate of change of momentum of the particle 
upon which it acts relative to the chosen base. In the 
third law we come to the keystone of the theory, for it sup- 
plies the test by means of which forces are to be recognized, 
namely that they occur in pairs. Now we can work back- 
ward and see how the whole theory hangs together. 

The intricacy of the theory is clearly seen when an attempt 
is made to compress it into one straightforward statement. 
It having been premised that the standard for time meas- 
urement is independent of the theory, such a statement 
might run somewhat as follows: Let all matter be con- 
ceived to consist of aggregates of particles, and to each par- 
ticle let a constant numerical quantity be assigned to be 
called its mass. Let the vector quantity which is obtained 
from the velocity of a particle, relative to any axes, by 
multiplying the magnitude of the velocity by the mass of 
the particle be called the momentum of the particle relative 
to the same axes; so that the rate of change of momentum 
of a particle is similarly related to its acceleration. The 
rate of change of momentum of a particle can be decom- 
posed into components by the parallelogram law in.an in- 
finite variety of ways. And the theory states that axes of 
reference can be so chosen, and the assignment of masses 
so arranged, that a certain decomposition of the rates of 
change of momenta, relative to the axes, of all particles of 
the universe is possible, namely one in which the compo- 
nents occur in pairs; the members of each pair belonging to 
two different particles, and being opposite in direction, in 
the line joining the particles, and equal in magnitude. 
Each component in the proposed decomposition is called a 
force, and is said to act upon the particle to which it be- 
longs. Adopting the assignment of masses proposed, it is 
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clear that their ratios alone concern us, that is to say, the 
mass of any one particle may be chosen arbitrarily. The 
sum of the masses of the particles composing a body is 
called the mass of the body ; and it is part of the theory 
that the masses of portions of a substance which is found 
by independent tests to be homogeneous are proportional to 
their volumes. It is clear that, if a set of axes relative to 
which the proposed decomposition is possible has been 
found, any other set which moves, relative te these, with 
uniform velocity and without rotation will do equally well. 
With the qualifications here stated, it may be regarded as 
part of the theory that the axes of reference, assignment of 
mass, and decomposition of rates of change of momenta 
into forces are unique. 

Approaching the subject in this way it would be noticed 
that the application and verification of this complicated 
theory are rendered manageable by three important facts. 
The first is that we have at hand a series of approximations 
to axes with the properties required by the theory ; axes 
fixed to the earth being practically good enough for many 
cases of terrestrial motion, while axes with the center of 
mass of the solar system for origin and directions constant 
with regard to the fixed stars satisfy all ordinary require- 
ments. The second is that laws of force of a permanent 
character can be ascertained by the methods of physics. 
We cannot indeed have experience of any single paif of 
forces, but can only obtain integral results each involving 
an infinite number of particles; these results, however, can 
be interpreted in terms of force according to the Newtonian 
theory. And the third fact is that at any given place on the 
earth the masses of bodies are found to be proportional to 
their weights. 

If we assume that the theory is correct for the whole 
universe, and find that it holds for the relative motions of 
the parts of a given limited material system, the inference 
is that the forces between the particles of this system and 
those outside it correspond to accelerations which arethe 
same for all particles of the given system. And there is 
no reason why the relative motions of the bodies compos- 
ing the given system should not be studied apart from 
other matter, a provisional base of reference being used. 
Accordingly, if we choose to enunciate the theory for the 
whole universe, any actual determination of an “‘ absolute ”’ 
base of reference should be regarded as provisional. In 
this connection some writers have said that absolute rota- 
tions are ascertainable, but not absolute accelerations. 
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Such a statement illustrates the objectionable character of 
the word absolute, and is likely to puzzle anyone who has 
not carefully studied the subject, but who knows that none 
but relative motions can be ascertainable. 

The Scholium, which occupies the latter half of the 
chapter on the laws of motion, deals chiefly with the ex- 
perimental verification of the equality of action and reac- 
tion, and shows how fully Newton recognized the funda- 
mental character of this point. It is rather curious, con- 
sidering how strongly the author has insisted on the dis- 
tinction between his absolute motion and motion relative 
to the earth or any other body, that he refers to Galileo’s 
use of the law of inertia, and discusses the experiments on 
collision made by himself and others without calling atten- 
tion to the complications introduced by this point. It is 
indeed characteristic of Newton to credit his readers with 
sufficient intelligence to enable them to waive the mention 
of niceties which do not affect the argument in any practi- 
cal way; but, at this particular stage, some reference to 
this matter would have been very opportune. The chief 
aim of the discussion of collision experiments is to show 
that they point to the equality of the momenta generated 
by the contact of the surfaces of solid bodies ; and it is cor- 
rectly, but tacitly, assumed that, to the degree of accuracy 
attained, the momenta measured may be regarded as ‘‘ abso- 
lute’? momenta. It is important to notice that the proof 
of the equality for attractions depends on the result having 
been already proved for pressures. The new experimental 
result, introduced for the case of attractions, is that a mag- 
net and a piece of iron, floating in water, will rest in con- 
tact relative to the earth. The example of the attraction 
between two portions of the earth supplies evidence the 
value of which it is not so easy to estimate. 

The remainder of the Scholium is only a statement of re- 
sults. The author appears to see an analogy between the 
equality of momenta in collisions (vis insita being merely 
a measure of mass) and the equal and opposite amounts of 
work done, in a small motion, by balancing pressures ap- 
plied to a machine; but no demonstrations are given. 
Results are enunciated in connection with work, which sug- 
gest a wider interpretation of the law of equality of action 
and reaction than that which necessarily belongs to the 
theory. 

One of the most striking features of Newton’s theory is 
the introduction of the base or axes of reference, relative to 
which it is claimed that all motion is capable of such simple 


1897.] NEWTON’S THEORY OF KINETICS. 371 


statement. It may eventually become possible to establish 
a connection between this base and the ether; but for the 
present the axes introduced by the theory of kinetics be- 
long only to that theory, and are not known to have any 
independent property. Accordingly such terms as “ abso- 
lute motion ” and “ fixed axes,” which may suggest irrele- 
vant ideas, are rather objectionable for general use; and it 
would tend to clearness of statement if a name of a neutral 
character were adopted for the axes in question, or one 
which, if it connoted anything, should connote that they 
are mere creatures of the theory. The name “ kinetic axes ” 
is suggested as one which, in default of a better, would serve 
the purpose. The adoption of such a name would make it 
possible to avoid the awkwardness of speaking of two sets 
of axes as equally “ fixed,” in the technical sense, although 
each has a motion relative to the other. Moreover the term 
is one to which the word “ provisional ’’ can be conveniently 
prefixed when attention is to be called to the provisional 
character of the base which is employed. 

Newton believed in the existence of an ether, or all per- 
vading medium, the vehicle of the actions between portions 
of gross matter; but, knowing practically nothing about it, 
he excluded it from the system to which his theory was to 
be applied. In the concluding paragraph of the Principia 
he calls attention to the need for an investigation of its 
properties. At the present time the ether is included in 
any system to which the principle of Conservation of Energy 
is applied in physics, and Lagrange’s equations are em- 
ployed tentatively for the investigation of its behavior. But 
its position with reference to the Newtonian theory cannot 
be said to have been established, and the same remark ap- 
plies to some extent to the case of molecular systems. In 
fact the theory appears to stand in need of at least some 
modification of form to enable it to meet the requirements 
of physics. 

Kines CoLLEGE, CAMBRIDGE, April 12, 1897. 
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THE DECOMPOSITION OF MODULAR SYSTEMS 
OF RANK n IN n VARIABLES. 


(Presented to the Chicago Section of the American Mathematical Society, 
April 24, 1897.) 


BY PROFESSOR ELIAKIM HASTINGS MOORE. 


I. 


THeorem A. If in the realm Rt of 
R=[z,, ---,z,] ....R,’), where are independent 
variables and the realm = is independent of the 

z,, the modular system 
is contained in the coefficient modular system 


(2) 


iy 
of the form 


=TI(S (z,—§,) (t= > 4) 


A=1,s i=I1,n 


where the = [Zs belong to R and the &,, belong 
to R’ or toa ‘family-realm containing Rt’, and where the s linear 
forms —&)u, (hA=1,2, are distinct, then in the 


realm = (R,’, Ke, the system & de- 
composes (in the sense of laden, into relatively prime factors 
(2, D,*], 


(4) D,*], 
aA=l.8 
where D, = — Fa — Fan] » 80 that 
(5) Dy] ~ 1) h, =1, 2, 8). 
Every such modular system 2 is of rank n in n variables. 
Every modular system 2 of: rank n in n variables decomposes in 


this way in particular with respect to its resolvent form 


F [u,, u,]- 


| 
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1. Kronecker* in connection with his general theory of 
elimination effected (1. ¢., §20) the decomposition of modu- 
lar systems of rank n in n variables with non-vanishing dis- 
criminant. 

In elucidation and extension of certain of the Kronecker 
Festschrift theories Mr. Molk+ wrote the elaborate paper, 
Sur une notion -- 

In Ch. IV., §1 (l.¢., pp. 79-107) Mr. Molk discusses the 
general modular system { 


(6) £= [Z, [x,y], [z, y] ] 


of rank 2 in 2 variables [x,y]. The resolvent form F [u, v] 
of this system 2 


(7) Flu, v] = =I (@ —F)ut (y—7,) 
(é = = 4%) 


is a certain homogeneous form in the adjoined indeter- 
minates uv, which factors into s distinct linear factors 
((@—&,)u+ (y—7,) each to its proper multiplicity e,. 
The &,, are independent of the zy. These factors corre- 
spond to the distinct solution systems (z, y)=(§, 7) of the 
system of equations L,[z,y]=0 (j= 1, 2, --,m), and their 
multiplicities are the multiplicities of those solution sys- 
tems. 

Now in all cases the coefficient modular system % contains 
the system 


(8) $= [fos jJ= 0 [2] 


and conversely, tf the system 2 has a non-vanishing discriminant, 
that is, if every multiplicity e, is 1, then 2 contains %, 


(9) 2=0 (31, 
so that 2 and ¥ are equivalent, 
(10) L~ F. 


Mr. Molk’s highly involved algebraic proof (J. ¢., pp. 91-97) 


* KRONECKER: Grundziige einer arithmetischen Theorie der algebraischen 
Grossen, Festschrift ... (1882 ; reprinted, Journal fiir Mathematik, vol. 93, 
pp. 1-122, 1882). 

t MoLK : Sur une notion qui comprend celle de divisibilité et sur la théorie 
générale de Vélimination (Acta Mathematica, vol. 6, pp. 1-166, 1885). 
tI use the notations of this paper. 
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of this converse is not above criticism. Then the decom- 
position of 2 


(11) L~F 


follows (J. ¢., p. 104) by resolvent considerations. 

Similarly Kronecker for the general n makes the decom- 
position of the system 2 with non-vanishing discriminant 
depend upon the equivalence of 2 with the resolvent sys- 
tem 

It is, however, possible, by pure-arithmetice process, for the 
general n and whether the discriminant vanish or not, to effect 
first a decomposition of % and then a corresponding decomposition 
of 2, from which, if the discriminant does not vanish follows the 
equivalence of 2 and %. I proceed to prove the caption the- 
orem A, from which these results follow easily. 

2. A realm R of integrity-rationality® R= [R,, --, Ry 
(Russ, consists of all functions --, 
(Russ, Rugy) integral in K, --- R, and rational in 
the coefficients being integers. The realm is closed under 
addition, subtraction, and multiplication, and likewise un- 
der division by any function not 0 of R’=(Rysi-, Rus)- 

Any set of functions F,,---, F,, of a realm St constitutes 
a modular system § =(F,, ---, F,] of that realm. The whole 
theory of such modular systems relates to this underlying 
realm. 

Any set of modular systems ¥, = (¢ = 1, 2,---, n) 
determines a modular system 108 which we 
use the notation [%,, ---, §,]- 

3. The very useful’ theorem : Tf 3» then 
3] 3] F]: may readily be proved by the 
use of the fundamental theorems concerning the composi- 
tion and the equivalence of modular systems. 

4. The decomposition (4) of theorem A depends upon 
the decomposition (12) in the same realm fi*, 


(12) 5~119,". 


[This is indeed a particular case of (4), viz., for 2 = ¥: 
for F¥=0 and F=0 [9,*] and so [%, D,*] ~D 
(h=1, 2,--,8)]. This decomposition (12) will appear be- 
low as the third corollary to the theorem B(II., §7 1). 

We have (5) [9,,D,] ~ [1] (AW 5h, =1, 2,--, 8), 
and hence (§3) 


* A convenient refinement of Kronecker’s realm of rationality. 
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(13) [D,* [1] (h=eh’ 5h, h’ =1,2,--, 8). 
Further since by hypothesis 


(14) F=0 [R] 


we have from (14, 12,13) by §3 the desired decomposi- 
tion (4) 


(15) (2, 3] 11 ~ (2, D,*]. 


The s factor systems [2,D,*] (h=1,2,--,8) are by 
pairs relatively prime (13). 

The system D,‘ consists of the totality of homogeneous 
products of degree of the n differences x, — &,,, — 
If the m functions yA [z,, °°, 2] of 2 be ‘arranged each ac- 
cording to these n differences, then the system [2, D,*] is 
equivalent to the system obtained by retaining in’ each 
function of 2 only those terms of degree less than e,. Hence, 
in particular [2, D,*] ~ [1], unless 2=0 [9,]. 

On another occasion I shall develop the theory of modu- 
lar systems capable of such decomposition into relatively 
prime factors. 

5. A modular system & of rank n in 1 variables has 
(Kronecker, 1. ¢., § 20) a form F[u,, ---, u,J]—its resolvent 
form —of the kind called for by the hypothesis of theorem 
A, and indeed every system 2 to which theorem A applies 
isofrank n. For this form F we have further 


(16) 2=0 [9] (h = 1, 2, 8). 


Thus the system 2 decomposes with respect to the resolv- 
ent F according to theorem A. 

For the particular case of non-vanishing discriminant we 
have Kronecker’s decomposition and equivalence, 


6. Let e denote the largest multiplicity e,. Let D denote 
any function D[z,, ---, x,] of R* for which 
(18) D=0 [9,] (kh = 1, 2, --, 8). 
Then, from (5, 18) and § 3, 


(19) [D, TI Di] [D, D,] | 
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Hence 

(20) D=0 D= D=0 (11 
Then from (20, 12, 14) we have 

(21) D=0 

This theorem for the case n = 2 is due to Mr. Netto.* 


II. 


TueoreM B. In any realm R of integrity-rationality the prod- 
uct % of the coefficient modular systems D, € of two homogeneous 
n-ary forms D[u,, ---,u,], E[u,,--, u,] of the realm R is equiva- 
lent to the coefficient modular system of their product form F= DE, 
if for any certain system of n integerst a,, ---, a, whose greatest 
common divisor is 1 in the realm R 


1. We set, calling m,, m, the degrees respectively of D, E, 


he 


= D{u,, u,]-E[u,, u,] (m=m,+m,) 
so that 
(3) fr; d,, (k,, k, | m,) 
4, 


where the summation remarks of (1, 2; 3) have the defini- 
tions (4; 5) 


(4) h,, h, | m,~h,, h,=0, 1, M5 h,+--+h=m, 


* Netto: Zur Theorie der Elimination (Acta Mathematica, vol. 7, pp. 
101-104, 1885). 
Or, more generally, the a,, ..., a, may be any column of an unimod- 
ular matrix (8, 8’ =1, 2, ..., of the realm §, | aw |=1. The 
proof then needs change only in 2 3. 


Ey, my 
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5 

k,, k,,|m, =k, (¢=1,2,--,n) 
1? 


For the coostenduladle coefficient modular systems we write 


and in general we denote the coefficient modular system of 
any form G [u,, ---, u,] of the realm R by the corresponding 
Gothic capital letter G. 

We are to prove that under a certain hypothesis H 


(7) DE~F 
2. Under an unimodular linear homogeneous substitution 
(8) > a, | | = 1 (8, => 2, n) 


whose coefficients a, belong to the realm Wt, the form 
G [u,, ---,u,] of the realm is transformed into the form 
G’ [u/,--, u,’], and the corresponding coefficient modular 
systems are equivalent, G ~ G’. 

Since identities in the u’s transform into identities in the 
u'’s in order to prove for the two forms D, E under the 
hypothesis H the equivalence (7) D € ~ § it is sufficient 
to prove for the two transformed forms D’, E’ under the 
transformed hypothesis H’ the corresponding equivalence 
(7) ~F". 

3. By hypothesis H there exists a system of n integers 
a,,°* , a, of greatest common divisor 1 such that in R 


(9) [D [a,,---,4,], E[a,,--,@,], $] ~ [1]. 
There exists* then a substitution (8) with integral co- 
efficients in which 


* We can pass from (4), @,,...,an) to (1,0,...,0) by a sequence of 
elementary transformations, i. e. , interchange of two elements with change 
of sign of one and addition to one element of another element. The ap- 
plication of the reverse sequence simultaneously to the n columns of the 


\dentity matrix 
> 
00..1 


carries us to the matrix (as) desired. 

This determination of (a.s’) is suggested by Kronecker’s Reduction der 
Systeme von n*? ganzzahligen Elementen (Journal fiir die Mathematik, vol. 
107, pp. 135-136, 1891). 
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(10) a,, = 4a, (s= 1, 2, n). 
For this substitution (8), since 


(11) (u, Uy, u,) = (a,, a,)~ (u,’, u,’) = 
qi, 0, 0), 


the transformed hypothesis H’ affirms the equivalence in R 
(12) [D’ [1,0, ---, 0], [1, 0, --, 0], $] ~ [1, 9, 0], 
[1, 0, 0], me 0--09 ¥] ~ [1]. 


4. Thus the theorem holds if it holds for the special case 
(a,, @,, = (1, 0, --, 0), when 


(13) [d.40... 0) m,0...09 [1], 

so that, by I. §3, 

(14) OF ~ [1]. 
The equivalence 

(15) DE~F 

in R is nothing but the two congruences 

(16) DE=0 [FF], F=H0 DE]. 


Of these the second holds by (3), and the first holds by 
(14) if 
(17) D 0 [3], 
and this holds if simultaneously 


(18) D o = Om = * “j= 0 [3], 


ig | mg 


Sir | me 


We prove that (18) holds; the similar proof applies to 
(19). We have from (3) ford,, ;,, (20), i,.<m, (21): 


1897.] DECOMPOSITION OF. MODULAR SYSTEMS. 379 


hy, h,, h, hy >t 
Jay Jas J, | ™, 


i, + bay" | m, 


Hence, applying (21’) m,—i, times and (20) once, we 
see that 


and so that (18) does hold. 

5. Cor. 1. The product ¥ of the coefficient modular sys- 
tems D,, --, D, of ¢ n-ary forms D,, ---, D, of the realm § is 
equivalent to the modular system of their product-form F, 
if for any certain system of n integers a,, ---, a, with greatest 
common divisor 1 


(23) [D, 4], Dy ] ~ [1] 
(9+95 9,9 =1,2,~-,t) 
6. Cor. 2. The s linear forms 
(24) D, = (h = 1, 2, 8) 


belong to the realm R{ and have leading coefficients by pairs 

relatively prime 

(25) di] ~ (1) (h=h’; h, h’ = 1,2, 8). 
Then, setting 

(26) D,[u,--, =F, [u,--,u,J, (h=1,2,--,8), 

(27) JF, °°, = F[u,, --, uj, 

we have the equivalence in R 

(28) ~ 115, 


This appears from Cor. 1 for (a,, a,, ---, a,) = (1,9, ---, 0) 
since obviously for any linear form ‘D. and its power 
D,» = F, we have D,* ~ §, and since from (25) by 1§3 


diy] (1) (h+W';h, ’=1,2 8). 


il 
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7. Cor. 3. We consider the realm of integrity-ration- 

ality 

(29) R (Fy a) 


where the z,, ---, z, are indeterminates and where the ¢,, be- 
long to a realm * not containing the indeterminates z and 
in that realm are such that the s forms 


are distinct linear forms. Then we have (in the notations 
of Cor. 2) the equivalence (28). 
The particular case, in which 


(31) pee [z, — [1] 
(hh; h, 1,2 “; +58), 
follows at once from Cor. 2 


The general case is reduced to this particular case by 
transformation of the u, --- u, by a properly chosen unimod- 
ular substitution in the realm [1] 


(32) u,=Sa,u', (i=1,---,n) 
t=1,2 


and simultaneously of the z, --- z, and the &,,--- (h=1, ---,8) 
by the substitutions contragredient to (32) 


(33) 2, =2 (i 1, n), 
(34) = 2%, (i = 1, n). 
i=i,n 


Since the forms D, (30) are distinct we can determine in- 

tegers a,---a, with greatest common divisor 1 such that 
a, + h, h' =1, ---,8). Then any uni- 

modular matrix (a,) in [1] having a,,=a, (7 =1,- 

will yield satisfactory reducing substitutions (32, 33, 343. 


THE UNIVERSITY OF CHICAGO, April 20, 1897. 
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HIGHER IRREDUCIBLE CONGRUENCES. 
BY DR. LEONARD E. DICKSON. 


1. Comprising the theory of congruences irreducible 
modulo p (p=prime), we may establish a theory of quantics 
belonging to and irreducible in the Galois Field* of order 
p". The existence-proofs of an irreducible congruence 
modulo p for every degree due to Galoist, Serret{ and Jor- 
dan§ may each be readily generalized to prove that for 
every m,n and p (=prime) there exists a quantic of degree 
m belonging to and irreducible in the GF[p"], or to give a 
notation, an IQ[m, p"}. 

As we may define the GF[p™] either by an IQ[m, p"] 
or by an [Q[mn, p], a theory of the former quantics can 
often be of practical value in setting up and working in the 
GF[p™"]. In certain investigations (like many due to Jor- 
dan), where it seems preferable to use the concrete form of 
the GF[ p""] (viz., use the quantics built on a Galois im- 
aginary), it may often be simpler, especially if generalizing, 
to use a defining [Q[m, p"], keeping the reference GF[p"} 
in its abstract form. The quantics then occurring will be of 
degree = m—1 instead of degree =mn—1. 

The first part of the theory given here runs parallel with 
the beautiful developments of Serret, Cours D’Algébre 
Supérieure, Section I1I, Chapter III (§360 being a marked 
exception; compare ’§16 below), so I content myself with 
enunciating the more important generalized theorems. As 
it is quite otherwise with Chapter IV, I give in detail the 
corresponding developments. The concluding pages in Ser- 
ret, 199-211 would require a method of attack entirely dif- 
ferent (even if capable of generalization). 

2. Turorem. If F(£), belonging to and irreducible in 
the GF[p"], divides the product ¢(+)-2(&), it divides 
one factor at least. 

Corollary. The decomposition of a quantic into irreduc- 
ible factors in the GF[p"] can be effected in a single way. 

3. THzEorEM. F(&), an I[Q[m, p"], divides the function 


*TI use the abstract form of the theory due to Galois. See Moore, 
Proceedings of the Congress of Mathematics of 1893, at Chicago; also, 
BorEL et Dracu, Théorie des Nombres et Algébre supérieure, 1895. 

+ Gators, ‘‘Sur la théorie des nombres,’’ Bulletin des Sciences mathé- 
matiques de M. Férussac, 1830; reprinted in Journal de mathématiques 
pures et appliquées, 1846. 

t Cours d’Algébre supérieure, vol. 2, pp. 122-211. 
¢ Traité des Substitutions, 2 21. 
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if and only if / be a multiple of m. 
4. Determination of the number N of IQ[v, p"]. Let V 
denote the product of all such quantics. If v be a prime 


yor, 
v 


If Jn being different primes, tle 
value of V is given as in Serret, ]. c., p. 139, by taking in- 
stead of Serret’s symbol 


18. 


Hence we have 


We find for N two simple limits: 


cite ¢(v) 


v 


5. A theoretic method due to Galois to decompose a 
quantic into its irreducible factors in the GF[p"] is to seek 
its greatest common divisor with successively &”— &, 
etc. Theoretically we can find all IQ[v,p"] by 
ridding &”” — € of all factors common with 


(w= 1,2,-v—1). 


6. The expression for the product V of all IQ[v, p’] which 
belong to the exponent n, a proper divisor of p”—1 (7. ¢., 
n does not divide p* — 1 for » < v), is exactly that given in 
Serret, pp. 145-6. The number of such quantics is y(n) /v. 

7. If F(&) be an IQ[v, p"] which belongs to the exponent 
p™” — 1, then a root of F(&) =0 isa primitive root of the 
GF[p™]. (Cf. Serret, §§ 353 and 369.) 

8. If we have formed the N quantics IQ [x,p"] which 
belong to the exponent (p* —1)/d and if we replace & by 
&*, 4 being prime to d and containing no prime factor other 
than those of p* — 1, we obtain the N quantics JQ [Jz, p’] 
which belong to the exponent 4 (p*—1)/d. In case p’ is 
of the form 4m — 1 and xz is odd, 4 must not be a multiple 
of 4. 
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9. Let p’ = 2¢—1, 152, odd; let Ms, 8 odd; 
let k be the smaller ofi andj. Let finally » be odd. 

If then we have formed the N/2‘*~* quantics IQ [z,p’] 
which belong to the exponent (p“ —1)/d and we replace 
& by &, 4 being of the form indicated and prime to d and 
containing only the prime factors occurring in p* —1, we 
obtain the N/2*~* quantics of degree 4u, each decomposing 


into quantics, so that we obtain in all IQ = 


belonging to the exponent 4 ( p* — 1)/d. 

10. Let p be a primitive root in the GF [p’], 4 an integer 
with no prime factor other than those of p’ — 1, e an integer 
prime to , d the greatest common divisor of e and p’ — 1. 

(1) If p’ = 4m + 1 or 2’, or if, when p’ = 4m — 1, Ais odd 
or the double of an odd number, & — p* is an IQ [A, p’] be- 
longing to the exponent 4 (p’—1)/d. We get thus every 
irreducible binomial in the GF [p’]. 

(2) If p’, 4 and k& be defined as in §9, & — p* decom- 
poses into IQ [1/2‘", p’] belonging to the exponent 
A(p’—1)/d. 

11. Since irreducible binomials are lacking in the latter 
case, we proceed to set up trinomials IQ [A, p’], for indeed 
every even integer 4 which contains no other prime factors 
than those of p)—1. We have p’=2t—1, t odd. Let 
v=2*"2, We may then determine two integers / and h 
such that 


1-2'—h(p’ —1) =e+ (p’—1)/2. 
Then will 
decompose in the GF [ p"] into the product 


gil 


— 9, — 


where 7,, are the roots of E(j) = 0, E(y) being the sum of 
the 2‘ st powers of the roots of 


But Waring’s formula for the sum of the n“ powers 2f 
its roots gives, for n = even* 


* It is interesting to note that for n odd the quantic S,(7) represents a 
substitution on p* lett-rs, if only p*” —1 is relatively prime to 2, i. e., 
Sn(7) = 8 has one and but one solution 7 in the GFipr for 8 an arbitrary 
mark of that field. Cf. L. E. Dickson, ‘‘ The analytic representation of 
substitutions,’’ etc., Annals of Mathematics, 1897. Here we see that 
§,(7), for n = 2'—!, completely decomposes in the GF[p" = 2't — 1]. 


384 HIGHER IRREDUCIBLE CONGRUENCES. [July, 


V3(n—s—1)! 
(n—2s)!" 


where we understand n!=lifn=0O. Hence 


2i—2_} i-1 
(2-*—s—1)! 
As in Serret, p. 160-1, E(y) is a factor (modulo p) of 
— 1, E(y) = 0 has roots in the GF[p’]. 

12. Theorem (Cf. Serret §§ 366 and 368): If F() and 
¢(&), of degrees v and » (a divisor of v) respectively, be- 

long to and are irreducible in the GF[p”], the equation 


9(&) =0 
has in the GF[ p™] exactly x roots, viz: 
In particular F() itself has the v roots 


a result due to Galois (for n= 1). 

13. If (€) belongs to the GF p"] and is of degree m, we 
can find an IQ[v, p"] such that (&) = 0 has m roots in the 
GF[ 

af ei (announced by Galois and proved by Ser- 
ret for n=1, §§ 370-1): Supposing known one F(&) an 
IQ[v, p"] and by means of it a primitive root X of the 
GF[p™] we can find all such quantics ¢(&) of degree v or 
a divisor of v; and thus we can completely decompose 
é" —£ in the GF[p"]. Thus to obtain all of degree v 
which belong to an exponent t, a proper divisor of p” — 1, 
set the latter = mt and take in turn for e each of the multi- 
ples of m which are prime tot. Then will 


= (F—X) (F— X*") 


-*4 3, 


Complete determination* of the p, p”]. 


15. To effect the decomposition of &”— in the GF[p"], 
set 


yy. 


X, = & pé 


* Cf. Serret, 1.c., Section III, Chapter IV. 


1897.] HIGHER IRREDUCIBLE CONGRUENCES. 385 
Then = X,, 
X, (Xf (XP 1). 
Thus, if V denotes the product of all the quantics sought 


v=T 


v, running over all the marks +0 of the GF[p’*]. 
| According to the index i we distinguish p—1 classes of IQ 
P, p’). 
16. Consider first the factor 


which is the product of p”"’ IQ[p, p"] of the first class. 
Generalizing a decomposition or Mathieu * 


where /, must be a root of 
and hence also of 
If the decomposition shall take place in the GF [p"], 4 
and 4, must be marks of that field and hence /-» must be 
an integer. Inversely 8, may be taken arbitrarily in the 


field, for the corresponding value for 4» is an integer, the 
p” power of 


being equal to itself. 
In particular the quantic 


Journal de mathématiques pures et appliquées, p. 280, 1861. 
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P—E—s (s = integer +0) 
is irreducible in the GF [ p"] if and only if 
+e 


i. ¢., if nis not a multiple of p (compare Serret’s case, § 360). 
17. Consider in particular 


e"—F—1=0 

and let J be a root of one of its irreducible factors, 

so that we have 


B+ =1. 


Its other roots are 7+ 1, ]+2,--I+p—1. Likewise the 
roots of 


— 
are 
(1+ 1)/, (I+ p—1)/2. 
Consider finally the irreducible equation 
which belongs to the factor 
—E— (8+ + 


I say that it is satisfied by (¢ + o + -- + #”") I+, a be- 
ing suitably chosen in the GF [p"]. For tbe condition on 
ais 
where 
r= 
Then 
= (8+ —#"") =0. 


Hence all the roots of every IQ [ p, p"] of the first class are 
linear functions of J. 
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18. THEOREM. The irreducible quanties of class » have as 
roots integral functions of I of degree pn. 

Let such a quantic have as root the function belonging 
to the GF[ p"]: 


f(D) == a, P. (1) 


Then will f(Z) be a root of X, =, + being a mark properly 
chosen. If we make this substitution, applying the iden- 
tity 
=f") =f + m), 
which follows from I” = I + 1, we find that 
—1 
+ 
The degree of this equation in I being < p, it is an iden- 
tity. But the first member is the »" difference of f(I) with 
respect to the constant difference 1 for J. Since it reduces 


to the constant «+0, the degree of f(I) is exactly x. 
Hence 


= 0. 
19. General expression for all IQ[ p, p"]- 


Suppose the quantic f(I) given by (1) does not reduce to 
a,; but otherwise the as are supposed arbitrary. Form 
the equations 


G=0-p—1) (2) 
We may lower the exponents below p by using 
P=I+ 7. 
| The general one of the equations (2) then becomes 
+ + T+ (8 age + P+ 
+ (fa,,+ A*+(4,+ 4,,—f) +44, 


Eliminating the powers J°, I’, --- I?’ between these p equa- 
tions, we reach the irreducible quantic in ¢: 
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B a+a,,—§ a, 

B a, fa,+a, a, 

Ba, Ba,+a, Ba, Mta,,—§ 


which gives the most general IQ[ p, p"]. 

To obtain those of class set = 4,,=0. 
Giving to a,, ---a,_, all possible ‘values i in ‘the GF[ p and 
to a, every value +0, we obtain p™( p*—1) quantics. 
But if we had started with another root f(I +m) of the 
above determinant, m being an integer, in place of f(J ), we 
would have reached the same quantic. Hence there are ex- 


actly — 1) IQ[p, p"] of class as we also readily 
see from § 15 
For »=1, we find the p, p"): 


— af E— (a — + fat). 


20. An interesting type of IQ[p,p"] of class p—1 is 
given by setting every 2, equal zero except a, and a,_,, viz.: 


F(§)=(F—a— 1)” + a,_ 1 (F — a — 
Multiplying by § — a, — «,_,, we have 


a 


But the roots of F (=) = 0 can be represented thus 


Hence its roots may all be expressed as linear fractional 
functions of one of them. 

21. We may prove as in Serret, §§ 381-2, that the product 
of all IQ [ p’, p"] is given by 


Tl 

m==p*—1 

Of these p’ — p*” factors, the 2” is said to be the product of 
the IQ[p’, p"] of class 4. For 4=p'—p’" we have the 
principal class. 
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THEeorEM. If F'(¢) be an IQ[p’, p"] belonging to the 
class 4 (not the principal), F (é” — £) decomposes into p* 
IQ [p’, p"] of the class 4+ 1; but if the former belong to 
the principal class, the latter is simply an IQ [ p’*’, p"] of 
the first class. 

Paris, April 15, 1897. 


ON A SOLUTION OF THE BIQUADRATIC WHICH 
COMBINES THE METHODS OF DES- 
CARTES AND EULER. 


BY DR. EMORY McCLINTOCK. 
[Read at the May meeting of the Society, 1897.] 
THE product of 
q?)=0 (1) 
and 
=0 (2) 
18 
(8) 


All of this except one term coincides with the short form of 
the general biquadratic, 


a+pe+qr+r=0. (4) 


Since v is at our disposal we may treat (3) and (4) as 
equivalent, term by term, so that we have, after clearing 
ing of fractions, 


+ 2p’ + (5) 


* Up to this point this solution is precisely that of Descartes, except 
that the indeterminate quantity is here introduced in the form of a square 
root. It seems remarkable that the extreme facility with which the 
method of Descartes, which consists in separating the biquadratic into 
quadratic factors, may be combined with that of Euler, which consists in 
exhibiting the roots of the biquadratic as sums of square roots of the three 
roots of a cubic, should not heretofore have been observed. If the com- 
bination should, contrary to the writer’s expectation, be found lacking 
in novelty, it may nevertheless be held that it has not attracted the at- 
tention which it deserves. 


| 
| 
| 
| 
| 
| 
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The three roots of this cubic being 1,, v,, v,, we have 
v%, +4, = — 2p, v,v,7,= =-+g. As each of 
the square roots 1,}, has two values of opposite signs, 
we may affix such signs as we please to v,! and »,*, provided 
we ge that of v, to agree with the requirement v,40,40,2 
+ q. We may in fact confine our attention the case 
= — g, and give positive values to v,! and »,, affixing 
to v3 the sign opposite to the intrinsic sign of q. (It will 
be found that any other permissible adjustment of the signs 
will produce the same results in the end.) 
Solving the quadratics (1) and (2) by using the value of 
v,' obtained from the cubic (5), we have 


hy (—2p—v, 
+ (6) 
z= (7) 


As an illustration let us take that employed by Euler 

and many succeeding writers,* 
252° + 602 —36=0. 
Here p=—25, ¢=60, r= — 36, and by (5), 
v — 50” + 769 v — 3600 = 0, 

a cubic of which the roots are 9, 16, 25, so that we have 
v = 8, v3=4,74=—5. Then, from (6) and (7), 

z=}-3+4(4—5), 

5) 
the four values of z being 1, 2, 3, — 6. 

* See, for example, the article ‘‘ Algebra’’ in the ninth edition of the 
Encyclopxdia. Brittanica. This illustration has been attacked because 
Euler himself recognized the ‘‘ irreducibility ’’ of the cubic as an obstacle 
which he evaded by recourse to trigonometrical functions. The cubic 


has rational roots, however, and the belief that an equation having a 
rational root can be rejected as irreducible has long been obsolete. 
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KIEPERT’S DIFFERENTIAL A.D INTEGRAL 
CALCULUS. 


Grundriss der Differential- und Integral-Rechnung. Von Dr. 
Lupwie Krierert, Professor der Mathematik an der 
technischen Hochschule zu Hannover. 

Teil I: Differential Rechnung. Siebente volistandig umgear- 
beitete und vermehrte Auflage des gleichnamigen Leit- 
fadens von weil. Dr. Max Stecemann. 1895. Pp. 638. 

Teil II: Integral-Rechnung. Sechste vollstandig umgear- 
beitete und vermehrte Auflage, u. s. w., 1896. Pp. 599. 


In his Evanston colloquium Professor Klein called the 
attention of American teachers to this treatise upon the 
Differential and Integral Calculus as one of the best intro- 
ductory text-books in the German language. The appear- 
ance of the present edition is confirmatory evidence of the 
high esteem in which it is held by German mathematical 
teachers. It was originally written by Dr. Max Stege- 
mann, professor of mathematics in the technischen Hoch- 
schule at Hannover and first appeared in 1862. Since his 
death the revision of the fifth and subsequent editions has 
been in charge of his successor, Ludwig Kiepert. The 
modifications and extensions which have chiefly been made 
in the interest of students at the universities and technical 
schools, are so numerous that the original outlines can now 
scarcely be discerned. The present edition therefore very 
properly appears under Kiepert’s own name. 

To American mathematicians the chief interest of the 
treatise will be due to its German authorship. In review- 
ing, it will be my aim to bring out those points in which it 

iffers from text-books on calculus in current use in this 
country, which, when not of English authorship, are gen- 
erally constructed upon English or French models. 

The general range of topics treated in the two volumes is 
about the same as in our more advanced text-books. The 
closest parallel is to be found perhaps in Williamson’s Dif- 
ferential and Todhunter’s Integral Calculus. The stand- 
point assumed in the discussion is, however, more elemen- 
tary. The most noticeable variations in subject matter are, 
on the one hand, the insertivn in the differential calculus of 
a final chapter upon the complex variable and in the inte- 
gral calculus an introduction to the theory of differential 
equations; on the other hand, the exclusion of such topics 
as the gamma-functions, the theory of probabilities and the 
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calculus of variations. As the treatise is professedly a 
Leitfaden, the selection is unquestionably a judicious one. 
Nothing better could be asked for than the short, pithy 
chapter upon the complex variable. It is one of the hap- 
piest hits of the work. It culminates in De Moivre’s for- 
mule and their applications. I know, indeed, of no place 
where the comprehensive character of the formula 


= (cosy + isiny) 


as an epitome of the ordinary trigonometric ‘and logarithmic 
theories is so admirably set forth. The 70-page introduc- 
tion is also excellént and has the merit of being in touch 
with the modern development of the subject. Thus, almost 
at the start it is proved that if ¢ (z, y) and its first partial 
derivatives are continuous functions of z and y in the 
vicinity of the point (a,b), the differential equation 


J =¢(z,y) has in that vicinity a continuous integral of 
the form 


y=f (x) =f(a) +f (a)-(2—a) a)? +-, 


The values of f’ (a), f” (a) --- are given in terms of the 
derivatives of ¢ at (a, b), and the convergence of the series 
is strictly demonstrated. A similar theorem is established 
for a system of simultaneous equations 


d d 


The author then proceeds to consider in the customary 
manner various cases where the integration of a differen- 
tial equation can be effected by means of known functions 
and its solution given in “‘ endlicher geschlossener Form.’”’ He 
closes with a brief treatment of the ordinary linear equation 
and with its integration when the coefficients are constant. 
The modern standpoint is here conspicuous. Thus, to cite 
a single instance, the general integral of the homogeneous 
linear differential equation is not simply stated to be 


where 4,, ¥,, y, are any n particular integrals, but the re- 
quirement is made that ¢,, --- ¢, permit of giving to y and its 
first n — 1 derivatives any arbitrary values. 

Considerable matter, which with us is relegated to special 


— 
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treatises on algebra, is incorporated into the differential 
calculus, as for example, the algebraic derivation of the ex- 
ponential and logarithmic series, chapters on determinants 
and on convergence and divergence of series, andso on. The 
plan is in striking contrast with that of our English text- 
books which pursue each branch of mathematics as an art 
and aim in itself. The correlation of the various branches 
is thus neglected. Often the component parts of even a 
single branch are not given their proper setting, and the 
student is consequently at a loss to know what are the im- 
portant ideas and theorems. So admirable and artistic a 
work as Salmon’s Conie Sections will serve as an illustration 
of whatI mean. Asa compendious treatment of the sub- 
ject this treatise is without a rival. Nowhere are the mod- 
ern geometrical methods applied to the subject with more 
elegance, but for an introduction of the student to these 
methods the work is very unsuitable. What student would 
gather from it any adequate idea of the important metrical 
properties of the circular points or of the general nature of 
line coordinates, would dissociate the principle of duality 
from reciprocation with respect to a conic, or would compre- 
hend in the remotest degree the chapter upon projection, 
where unreal projections are used without any analytical 
basis? These and other points are subordinated entirely to 
the conic section and need disentanglement. The book is 
therefore chiefly useful after the topics have been studied 
elsewhere. In Kiepert’s treatise, on the other hand, the 
correlation of parts is carefully attended to. Tne book is, 
what it purports to be, a guide to the student. The 
algebra and the calculus reinforce each other. Each alge- 
braic section receives an independent, though rapid, devel- 
opment, and its interest is heightened by immediate ap- 
plication. The subject of infinite series, commonly the béte 
noire of the student whose introduction to it is made in 
treatises on algebra, is thus made fresh and interesting. 
Maclaurin’s and Taylor’s theorems are first demonstrated, 
and the practical utility of the series developed by their aid 
is at once shown by numerous computations of trigono- 
metric functions, of logarithms, and of the value of =. 
The question of the permissibility of expanding a func- 
tion into a series then conducts to a discussion of conver- 
gence and divergence. The insertion of such algebraic sec- 
tions is also to be commended on another ground. The 
limited space forbids the development of any but the most 
important theorems. These not only serve as a basis for 
more extended study, whenever it may be needed, but also 
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suffice as a preparation for elementary courses in such sub- 
jects as projective geometry and theory of functions, sub- 
jects which are too often regarded as beyond the range of 
college mathematics. In a field so limitless as modern 
mathematics the saving of time to our young students by 
the elimination of the relatively unessential is a matter of 
prime importance. Many an American student abroad 
feels that he has been placed at a disadvantage in this par- 
ticular. 

Another noticeable feature of the work, and one which is 
distinctively German, is the emphasis placed upon theory 
rather than upon the solution of problems. The treatise is 
not a quarry of examples. There are practically none ex- 
cept those which are worked out, but of these there are 
many. The confessed aim is to enable the student to ac- 
quire by himself, independently of a teacher, a grip upon 
the calculus, but it surely may be questioned whether this 
can be accomplished when all exercises for the student’s 
own ingenuity are omitted. Certainly some of the long 
and cumbersome solutions could with advantage be replaced 
by such exercises. In adaptation to practical use there is 
a further deficiency in the second volume. The formule 
here, as in the first, are numbered with wearisome monot- 
ony from book cover to book cover, and the learner has no 
indication of which are deemed important, until he turns 
to the table at the end, and there unfortunately the 
numbering is entirely changed. In the first volume this 
fault is redeemed by the unusual excellence of the table. 
In the second, however, the summary of important inte- 
grals is decidedly inferior to corresponding summaries in 
our own text-books. But while these deficiencies on the 
practical side are to be regretted, the completeness of the 
general theory is a great satisfaction, especially in the in- 
tegral calculus. The beginner is not only taught how to 
integrate, but what forms can, and what forms can not, be 
integrated. He learns definitely that any rational function 
whatever of the trigonometric ratios of an angle can be in- 
tegrated ; that (R(z,f(z).dze can always be found in 
terms of elementary functions when f(z) is linear, or, if 
n=2, when f(z) is a polynomial of the second degree; 
that when f(z) is of a higher degree, integration is in gen- 
eral impossible without the introduction of new transcen- 
dental functions; and so on. Such simple statements as 
these are almost universally omitted in our treatises. The 
student has set before him classified lists of examples ap- 
propriate to the various methods, but as soon as he encoun- 
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ters new problems elsewhere, he is in painful uncertainty 
whether any of the methods will avail, and if 80, which 
one. Integration therefore becomes mere experimentation. 
For this reason many a learner acquires a dislike for the 
integral calculus, which would certainly be obviated by so 
complete an exposition of the general theory as Kiepert’s. 

Still another trait which reveals itself in the work and 
one which is likewise characteristic of its nationality is 
thoroughness. This is well exemplified in the fifty pages 
of introduction with which the differential calculus opens. 
This is indeed one of its most striking and excellent divi- 
sions. The fundamental conceptions of calculus are ad- 
mirably presented. The notion, and to some extent the 
properties also, of a function are discussed at considerable 
length. The book cannot be read in sublime unconscious- 
ness that differentiation presupposes the continuity of a 
function. For the notion of continuity our space concep- 
tions are first drawn upon, but the analytical criterion is 
also developed as fully as is advisable in an elementary 
text-book. Good illustrations of discontinuous functions 
are added. The notion of a limit is unfolded with a like 
completeness. The author, for instance, carefully guards 
against the common error of the learner that a variable is 
either always greater or always less than the limit which it 
approaches. Widely different concepts, such as velocity, 
infinite series, irrational numbers, circulating decimals, and 
the slope of a tangent to a curve, are presented under the 
form of a limit. The fundamental theorems of limits are 
established with entire strictness. Next follows the intro- 
duction of the infinitesimal and the infinite, and the foun- 
dations of an infinitesimal caloulus are securely built upon 
the method of limits. The comparisons and illustrations of 
the different orders of infinitesimals are neat, as also is the 
proof that the sum of an infinite number of infinitesimals 
remains unaltered, if each infinitesimal is replaced by an- 
other differing from it by an infinitesimal of higher order. 
Finally the two chief methods of using infinitesimals—in 
quotients and in sums with an infinite number of terms— 
and the corresponding two-fold division of the calculus are 
indicated. Thus the introduction sets before the student 
clearly and conspicuously the fundamental conceptions of 
the science which too often are left only a nebulous mass 
without order or definition. Some glimpses are afforded 
him also of the wide applicabilty of the calculus, and his 
interest is excited even before he learns to differentiate. 

A like thoroughness is shown, though not without a 
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number of exceptions to be noted later, in the rigor of the 
demonstrations. Our own text-books are often altogether 
lacking in that strictness of reasoning which is demanded 
by modern mathematics. Salmon’s text-books may here 
again be cited as examples. Among Germans, on the other 
hand, rigor of proof is insisted upon in comparatively 
early stages of mathematical training. Kiepert’s treatise 
does not disappoint us in this regard. Great care is taken 
to note all exceptions and limitations toa theorem. The 
general thoroughness may be illustrated by reference to a 
few typical propositions which are most often loosely 
handled. In the proof that in the formation of the partial 
derivatives of f(x,y) with respect to z and y, the order of 
differentiation is immaterial, the very question at issue is 
commonly begged by assuming that 


fat By Oy) —fatAsz,y 
Ay Au 


has a limit independent of the order in which Az and Ay 
approach zero. Kiepert’s proof, however, faces this ques- 
tion, being based, like Todhunter’s, upon Taylor’s theorem. 
Again ¢ is introduced in the customary manner as the 
limit of the series for (1+ +)" when n approaches o. 
Generally in the expansion of the expression the sum of an 
infinite number of infinitesimals is silently neglected, but 
Kiepert proves rigorously that the limit of the sum in this 
ease is zero. The proof of this point is long and involved, 
and it may be questioned whether it is wise to force it upon 
a beginner, but in any event he should be told that without 
it the reasoning is incomplete. In a somewhat parallel 
case, where Kiepert establishes Taylor’s theorem by the 
loose method of undetermined coefficients, he conscien- 
tiously calls attention to every assumption made. Another 
instance of exactness is found in the derivation of the series 
for tan~'z and sin~'z by integration of the series for their 
derivatives. This is accompanied with a proof that when 
a function can be developed into a series of ascending 
powers, its derivative also can be thus developed, and the 
second series is, term by term, the derivative of the first. 
How many mistakes in the applications of mathematics 
would be avoided, if those who made them had been trained 
to investigate the legitimacy of processes in which an in- 
finite number of operations is used ! 

With this prevailing rigor a loose exposition of a number 
of points forms a glaring contrast. We certainly should 
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not have expected to find the differential of the dependent 
variable defined as an infinitely small increment of the 
variable. Yet this definition is reiterated again and again. 
Surely, after the capital discussion of infinitesimals in the 
introduction, a line or two would have sufficed to show 
that the differential differs from such an increment by an 
infinitesimal of higher order and therefore can be employed 
in its place. Many of the common formulz involving differ- 
entials, such as (ds)? = (dr)* + (dg)’ and A = fr'dg, are 
derived in the usual indifferent manner, although great 
care is taken to establish others rigorously. The old time 
definition of an algebraic function is given and with the 
usual inaccuracy ; namely, in specifying the operations in 
which the variable is involved, there is no stipulation that 
the number of such operations should be finite. Thus the 
vital distinction between an algebraic and a transcendental 
function is entirely missed. It is but fair, however, to 
state that in a note the author gives the modern definition 
of an algebraic function as the root of an equation of the 
n™ degree whose coefficients are rational in the independent 
variable. An unfortunate omission is that of a proof of the 


formula = nz" for incommensurable exponents. In 


the chapter on convergence of series the author announces 
that the terms should be summed in the order given, and 
then a few pages later, to prove the important theorem that 
a series containing both positive and negative numbers 
converges, if the sum of their moduli converges, he groups 
apart the positive terms and the negative terms without es- 
tablishing the legitimacy of the change. This error is the 
more worthy of attention because it is prevalent in text- 
books and occurs in the discussion of a subject, in which 
rigor should be strenuously insisted upon. 

The chapter upon convergence and divergence of series is 
perhaps the least satisfactory in the entire work. It is ap- 
parently a recent insertion and the amalgamation is incom- 
plete. Nothing hinges upon the chapter. Elsewhere the 
character of a series is uniformly investigated by the use of 
some one of the various forms of the remainder in Taylor’s 
theorem. The prominence given to this remainder is in- 
deed a marked feature of the first volume. It is even made 
the basis for a study of indeterminate forms, maxima and 
minima, points of inflection, etc. Now while its use leaves 
nothing to be desired in respect to rigor, it necessarily com- 
plicates the proofs, rendering them exceedingly difficult to 
the beginner. An equal degree of exactness could be ob- 
tained very simply by direct application of Cauchy’s test 


398 KIEPERT’S CALCULUS. [Jaly 


for a power series; to wit, a series converges, if from and 
after some fixed term the ratio of each term te the preced- 
ing is numerically less than some fixed quantity less than 
unity. Certainly, considered in relation to the entire field 
of mathematics, it is this test for convergence rather than 
the other which should be emphasized as of fundamental 
importance. The true réle of Taylor’s remainder is not to 
determine the character of a series, but to estimate the mag- 
nitude of the error, when the series is broken off with a 
given term. Once, and once only, so far as I have noticed, 
has Kiepert used the remainder for this purpose. But the 
chief defect of the chapter is in the treatment of conditional 
and unconditional convergence. No one theorem pours 
such a flood of light upon the subject as Riemann’s theorem 
that a conditionally convergent series can be made to as- 
sume any value by a rearrangement of the terms. But 
this theorem is omitted and in its place a somewhat com- 
plicated example of a conditionally convergent series is 
given. Furthermore, no emphasis is laid upon the fact that 
absolute and unconditional convergence are synonymous. 
It is practically degraded to the position of a corollary. If 
the proof be carefully examined, it will be found to be based 
upon a theorem for which one looks in vain, that a series is 
convergent, when, by proceeding far enough in the series, 
the sum of p consecutive terms (p=1, 2,---0) can be 
made as small as we choose, and conversely. I may add 
that there is no reference by name to the “commuta- 
tive” and “associative” laws of operations, though both 
laws are implicitly used. The limitation of the latter law 
to convergent series is not observed, and in consequence an 
oscillating series is represented as having several limits in- 
stead of none. 

In conclusion, a few minor points may be rapidly men- 
tioned. The italicizing of the leading results, s0 common 
with German mathematicians, is to be unqualifiedly recom- 
mended, as also the frequency with which Kiepert attaches 
to the chief theorems the names of their inventors. This 
practice greatly helps to arouse the interest of the student 
in the works of the great masters. The frequent practical 
applications of the theorems, the determination of the value 
of = by the three methods of Leibnitz, Euler and Machin, 
the happy treatment in both volumes of simply-periodic 
series, the Mittelwerthsitze for definite integrals and their 
approximate computation by Simpson’s rule, the extremely 


Az+B 
(2—a)?+ 


rapid method of computing A and Bin 


, when a 
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rational fraction is decomposed into partial fractions—these 
and other points are worthy of mention. 

Taking the two volumes together, they form a valuable 
work of reference to the college teacher of calculus. To an 
unusual degree they give just what the student should 
know. The French sparkle is perhaps missing, but we are 
well satisfied with the German accuracy, thoughtfulness 
and thoroughness. 

Epwarp B. Van VLECK. 

WESLEYAN UNIVERSITY, May, 1895. 


TRIANGULAR NUMBERS. * 


In a review f of Blater’s Table of Quarter Squares, Mr. 
J. W. L. Glaisher, in 1889, referred to the convenience that 
would be afforded by a table of triangular numbers, and said 
that the only extensive published table of such numbers 
known to him was that by E. de Joncourt, published at the 
Hague in 1762, giving the values of n(n + 1) from n = 1 to 
n= 20,000. Letting S, represent the n* triangular number, 
the sum of the » numbers up to and including n, or 
$n(n+1), the application of a table of triangular num- 
bers to facilitate multiplication is seen from the formula, 
ab = 8,_,+8,—S,,_, This formula shows the chief ad- 
vantage claimed for the use of triangular numbers in prefer- 
ence to quarter squares—that the table need only extend as 
far as the highest number it is to be used to multiply. Thus, 
such a table need be only half as large as a table of quarter 
squares that may be used to multiply the same numbers by 
taking the difference between the quarter squares of the 
sum and difference of the factors. On the other hand the 
method of quarter squares requires but two instead of three 
tabular entries, and may be modified { so as not to use an 
argument exceeding the larger factor ; but in that case three 
tabular entries are required. A modification of the use of 
triangular numbers is also applicable to reduce the number 
of entries to two, but then we may need to use an argument 
greater than either factor. 

* Projet de Table de Triangulaires de 1 4 100,000, etc.; A. ARNAU- 


DEAU (Paris: Gauthier-Villars et Fils, 1896). 
mi Reprinted in the Journal of the Institute of Actuaries, London, Jan. 
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The explanatory text, with sample pages of a table of 
triangular numbers, by M. Arnaudeau, has recently been 
published as a prospectus of 4 complete table that has been 
calculated by him for all numbers up to 100,000 and that is 
to be published in about 400 octavo pages. Its scope will 
therefore be similar to that of Blater’s Table of Quarter 
Squares, which extends to 200,000 and requires 200 quarto 
pages. M. Arnaudeau’s table will be more readily used on 
account of the more convenient size of the pages and for 
not having the device, used by Mr. Blater to make his table 
more compact, of printing the last figures of the function at 
the foot of the columns. 

Exact multiplication may be performed by a number of 
different formulas involving triangular numbers. It may 
be of interest to repeat here some of the formulas given by 
M. Arnaudeau. 

ab=8,+8,,—S_, 


= 8,_,+ Da—t—n 


=S-,, = Sr, 


= 8,,,—S,— 


For several formulas the author gives geometrical demon- 
strations, using points arranged in triangles, so that the 
formulas are at once evident to the eye and may be readily 
remembered. He designs the text and tables of his work 
for the use of pupils in primary and secondary schools, and 
of surveyors and of those who may not be familiar with 
logarithms and trigonometry, as well as for the use of ex- 
perienced computers. Five figure tables of reciprocals and 
of natural sines and tangents are added. The text explains 
the application of these tables in connection with the table 
of triangular numbers for division* and the solution of tri- 
angles. These methods, of course, give only approximate 


* The only example of division given in the author’s text (p. 15) is of 
3,186,415,611 by 37,154. By means of his table of reciprocals and two 
multiplications of partial factors, 85,762.376,170,065 is obtained as 
the quotient ; but the author does not call attention to the fact that not 
all the 14 figures are equally reliable. Asa matter of fact, although the 
divisor must have been specially chosen so as to involve an exceptionally 
small error in the reciprocal, only the first six figures in the quotient are 
correct, the true quotient (to 15 places of decimals) being 85,762.383, 
888,679,549, 981. 
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results and are less convenient than the use of logarithms. 
In division closer approximations might be obtained, if de- 
sired, by the use of Col. W. H. Oakes’ table of reciprocals 
(to seven figures) published by C. & E. Layton, London. 

The text of the author is preceded by very favorable re- 
ports made by members of the French Academy of Sciences, 
and the French Institute of Actuaries. It does not, how- 
ever, seem likely that a table of triangular numbers will be 
much used (as M. Arnaudeau intends) by persons who are 
not familiar with logarithms, or that it will, to any 
serious extent, be adopted as a substitute for logarithms. 
Tables of quarter squares or of triangular numbers may, 
however, be of great service in the comparatively rare 
cases where it is necessary to have more than seven cor- 
rect figures in the product. Without the use of these 
tables such multiplications are probably most readily per- 
formed by using Crelle’s Tables, or the arithometer. M. 
Arnaudeau’s work should be gladly welcomed as a valua- 
ble and interesting addition to the tables now in exis- 
tence for facilitating multiplication and as a great advance 
over any previously published table of triangular num- 
bers. The author’s perseverance in computing so exten- 
sive a table should be highly commended, and it is to be 
hoped that he will have no difficulty in obtaining, from 
learned societies and others, the pecuniary assistance 
needed for the publication of the tables. 

Epwarp L. STABLer. 
NEw YORK, June, 1897. 


NOTES. 


THe Committee of Arrangements of the International 
Congress of Mathematicians at Zirich has announced the 
following preliminary programme :—Monday, August 9: 
Opening of the Congress; Address by H. Poincare, ‘‘ Sur 
les rapports de l’analyse pure et de la physique mathema- 
tique ;’’ Report of the committee on the functions and or- 
ganization of international mathematical congresses; Ad- 
dress by A. Hurwitz, ‘‘ Modern development of the gen- 
eral theory of analytical functions.’’ Tuesday, August 10: 
Sectional Meetings. The following sectional divisions are 
contemplated: Arithmetic and Algebra, Analysis and 
Theory of Functions, Geometry, Mechanics and Mathemat- 
ical Physics, Astronomy and Geodesy, History and Bibli- 
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ography. The following papers are announced for the sec- 
tional meetings: Fr. Brioscut, ‘‘Sur une classe d’équa- 
tions du cinquiéme degré résoluble algébriquement et la 
transformation du onzieme ordre des fonctions elliptiques;”’ 
C. Enestrom, ‘‘ Ueber die neuesten mathematischen bib- 
liographischen Unternehmungen ;’’ G. Loria ( subject not 
yet announced ); Fr. Meyer, Die neuere Entwickelung 
der Algebra und Zahlentheorie ; E. Picarp, ‘‘ Sur les fonc- 
tions de plusieurs variables et en particulier les fonctions 
algébriques ;’’ C. RENSCHLE, ‘‘ Neue principelle und gene- 
tische Methode zur Invariantentheorie ;’’ Tu. Reve, “Neue 
Eigenschaften des Strahlencomplexes zweiten Grades ;”’ 
F. Rupro (subject not yet announced); A. Stropora, ‘‘ Die 
Beziehungen der Technik zur Mathematik ;’’ H. Weer, 
‘Ueber die Genera in algebraischen Zahlkorpern.’’ 
nesday, August 11: General Meeting; Discussion and defin- 
itive action as to the functions and organization of future in- 
ternational mathematical congresses ; Determination of the 
time and place for holding the next congress ; Address by 
F. Krein, “On the question of the teaching of higher 
mathematics ;’’ Address by G. Prano, ‘‘ Logica Mate- 
matica.’’ Various excursions and banquets have also been 
arranged in connection with the meeting. 


WE regret to record the death of DE Votson Woop, pro- 
fessor of mechanical engineering at the Stevens Institute 
of Technology, Hoboken, N. J., on June 27, at the age of 
sixty-five years. 


WE learn from Science of the death of the Rev. ALex- 
ANDER FREEMAN, of Cambridge, England, on June 12, at 
the age of fifty-eight years. 


Miss Mary F. Winston, Ph. D., has been appointed pro- 
fessor of mathematics at the Kansas State Agricultural 
College, Manhattan, Kansas. 


Dr. Lorrain 8. Hutsurt has been appointed collegiate 
professor of mathematics at the Johns Hopkins University. 


Mr. GusTAvE Lecras has been promoted to an assistant 
professorship of mathematics at the College of the City of 
New York. 

Dr. ArTHUR SCHULTZE has received an appointment as 
teacher of mathematics in one of the high schools just es- 
tablished in New York. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


BaILey (F. H.) and Woops (F.S.). Plane and solid analytic geo- 
metry. Boston, Ginn, 1897. 8vo. 12 and 367 pp. 

BAKER (H.F.). Abel’s theorem and the allied theory ; including the 
theory of the theta functions. Cambridge, University Press (New 
York, Macmillan), 1897. 8vo. 17 and 684 pp. $8.00 


BiaLeR (U.). Ein Beitrag zur Theorie der arithmetischen Rela. 
Aarau, Sauerlander, 1897. 8vo. 36 pp. Mk. 1.00 


BoBYNIN (W.). Researches in the history of mathematics. _ ig 
sian.] Moscow, 1896. 8vo. 48 pp. k. 2.50 


BoNNEL (J. F.). Les atomes et hypothéses dans la Biel Nou- 
velle édition. Lyon, 1897. 8vo. 159 pp. Fr. 5.00 


Busnow (N. M.). See GERBERT. 


BuRALI-ForTI (C.). Exercice de traduction en symboles de logique 
mathématique. (Extrait du Bulletin de Mathématiques élémentaires. ) 
Paris, 1897. 4 pp. 


——. II metodo del Giassmann nella geometria proiettiva. (Circolo 
matematico di Palermo, Feb., 1897). Palermo, 1897. 19 pp. 


——. Una questione sui numeri transfiniti. (Circolo matematico di 
Palermo, March, 1897.) Palermo, 1897. 11 pp. 


BURKHARDT (H.). Funktionentheoretische Vorlesungen. Theil I: Ein- 
fiihrung in die Theorie der analytischen Funktionen einer com- 
plexen Veranderlichen. Leipzig, Veit, 1897. 8vo. 12 and 213 pp. 

Mk. 6.00 

BussE (F.). Ucber eine specielle conforme Abbildung der Flachen con- 
stanten Kriimmungsmaasses auf die Ebene. Mit einem Anhange, 
enthaltend die Litteratur iiber die Flachen constanten Kriimmungs- 
maasses. Gottingen, 1896. 8vo. 31 pp. Mk. 2.00 


CAYLEY (A.). The collected mathematical papers. (In 13 volumes.) 
Vol. XII. Cambridge (New York, Macmillan), 1897. 4to. $6.25 


DELBOEUF (J.). La géométrie euclidienne sans le postulatum d’Eu- 
clide. Paris, 1897. 8vo. Fr. 4.00 


DEUTSCHE MATHEMATIKER-VERFINIGUNG. Jahresbericht fiir 1894- 
1895. (Vol. IV.) Enthaltend den Bericht iiber die Theorie der 
algebraischen Zahlenkérper, von D. Hilbert. Berlin, Reimer, 1897. 
546 pp. ME. 12.00 


. Jabresbericht fiir oe (Vol. V.) Erstes Heft. Leipzig, 

Teubner, 1897. 8vo. 94 Mk. 2.80 

FEHR (M.H.). See MEYER hig F.). 

FoNTENE (G.). Géométrie dirigée: Les angles dans un plan orienté avec 
des droites dirigées ou non dirigées. Paris, 1897. 8vo. Fr. 2.00 


Fricke (R.) Hauptsitze der Differential- und Integral-Rechnung, als 
Leitfaden zum Gebrauch bei Vorlesungen. TheilI und II. Braun- 
schweig, Vieweg, 1897. 8vo. 9and 80 pp., 8 and 66pp. Mk. 3.50 
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FRISCHAUF (J.). Vorlesungen itiber Kreis- und Kugel-Funktionen- 
Reihen. Leipzig, Teubner, 1897. 8vo. 6 and 60 pp. Mk. 2.00 


Frotow. Recherches sur la théorie des paralléles. Supplément. Paris, 
1897. 8vo. ME. 0.80 


GALors (E.). Oeuvres mathématiques publi¢es par la Société mathéma- 
tique de France. Paris, 1897. 8vo. Portrait. Fr. 3.00 


GANTER (H.) und Rupio (F.). Die Elemente der analytischen Geo- 
metrie. Zum Gebrauch an hoheren Lehranstalten, sowie zum Selbst- 
studium. TheilI. Dieanalytische GeometriederEbene. 3te Auf- 
lage. Leipzig, Teubner, 1897. 8vo. 7 and 176 pp. MK. 2.40 


GERBERT. Gerberti (Papae Silvestri II.) Opera mathematica, primum 
—_— et edidit N. M. Bubnow. Berlin, Friedlander, 1897. 8vo. 
300 pp. Mk. 12.00 


Gripss (J. W.). Hubert Anson Newton. (American Journal of Science, 
fourth series, Vol. III., No. 17, May, 1897.) S8vo. 20 pp. 


GIRARDVILLE (P.). See IN MEMORIAM N. I. LOBATSCHEVSKII. 
HALSTED (G. B.). See ib. 


HeEtwie (P. J.). Eine Theorie des Schénen. Mathematisch-psycholo- 
gische Studie. Amsterdam, 1897. 8vo. 7 and 87 pp. ME. 3.00 


HERMITE (C.). See IN MEMORIAM N. I. LOBATSCHEVSKII. 
HILBERT (D.). See DEUTSCHE MATHEMATIKER-VEREINIGUNG. 


Horst (E.) Om hdiere arithmetiske Raekker, med inledende Saet- 
ninger om den hele Funktion. Christiania, 1897. 8vo. 4 and 
55 pp. ME. 1.30 


IN MEMORIAM N. I. LOBATSCHEVSKII. Collection de mémoires pré- 
sentés 4 la Société physico-mathématique de Kasan pour la féte de 
Vinauguration du monument de Lobatchefsky (1/13 septembre, 
1896) par MM. Hermite, Halsted, Girardville, Laisant, Lemoine, 
Neuberg, Ocagne. Kazan, University Press (Paris, Hermann), 1897, 
8vo. 156 pp. [C. Hermite, Sur quelques développements en série 
dans la théorie des fonctions elliptiques, pp. 1-21; G. B. Halsted, 
Darwinism and non-Euclidean geometry, pp. 22-25 : i. Girardville, 
Deux mémoires sur la théorie du vol des oiseaux, pp. 26-59, 3 plates; 
C. A. Laisant, Sur la courbure des courbes planes, pp. 60-63; E. Le- 
moine, Sur deux nouvéles décompositions des nombres entiers, pp. 
64-69; M. J. Neuberg, Sur un probléme de Jacobi, pp. 70-92, 1 
plate; M. d’Ocagne, Sur la représentation par des droites et par des 
cercles des équations du second degré 4 trois variables, pp. 93-97 ; 
E. Lemoine, La géométrografie ou la simplicité rééle des construc- 
tions géométriques, pp. 98-133, 1 plate; E. Lemoine, Transforma- 
tion continue dans le triangle et dans le t¢étraédre, pp. 134-156. ] 

Fr. 8 


JUNKER (F.). Die symmetrischen Funktionen der gemeinschaftlichen 
Variablenpaare terniirer Formen. Tafeln des ternaren symme- 
trischen Funktionen vom Gewicht 1 bis 6. Wien, 1897. 4to. 


104 pp. Mk. 5.80 
KRAUSE (A.). Ueber Fuchs’sche Differentialgleichungen vierten Grades. 
Gottingen, 1897. 8vo. 58 pp. Mk. 3.00 


LAISANT (C. A.). See IN MEMORIAM N. I. LOBATSCHEVSKII. 
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LANCELIN (L.). Cours de mathématiques pures et appliquées. Paris, 
1897. 8vo. Fr. 10.50 


LEMOINE (E.). See IN MEMORIAM N. I. LOBATSCHEVSKII. 


MEYER (W. F.). Sur les progrés de Ja théorie des invariants projectifs. 
Traduction par M. H. Fehr; avec une preface de M. d’ e. 
Paris, 1897. 8vo. Fr. 4.00 


NEUBERG (M. J.) See IN MEMORIAM N. I. LOBATSCHEVSKII. 


OBENRAUCH (F. J.). Geschichte der darstellenden und projectiven 
Geometrie mit besonderer Beriicksichtigung ihrer Begrindung in 
Frankreich und Deutschland und ibrer wissenschaftlichen Pflege in 
Oesterreich. Brinn, Winiker, 1897. 8vo. 6 and 442 pp., 2 por- 
traits. MK. 9.00 

OcAGNE (M. J.). See IN MEMORIAM N. I. LABATSCHEVSKII, and 
MEYER (W. F.). 

PascaL (E.). Calcolo infinitesimale. Parte III. Calcolo delle Varia- 
zioni e calcolo delle differenze finite. Milano, 1897. 12mo. 342 pp. 

MK. 2.80 

PEANO (G.). Studii di logica matematica. Torino, Clausen, 1887. 
8vo. 21 pp. 

PETERSEN (J.). Grundprinciper for den infinitesimale Descriptivgeo- 
metri, med Anvendelser paa Laeren om variable Figurer. Kjoben- 
havn, 1897. 8vo. 106 pp. Mk. 3.80 


PUCHBERGER (E.). Eine allgemeinere Integration der Differentialglei- 
chungen. 5tes (Supplement-) Heft. Wien, Gerold, 1897. 8vo. 


30 pp. Mk. 1.60 
RaFry (L.). Lecons sur les applications géométriques de l’analyse. 
Paris, 1897. 8vo. Fr. 7.50 
REBIERE (A.). Mathématiques et mathématiciens. Pensées et curi- 
osités. Paris, 1897. 8vo. 566 pp. Fr. 5.00 
Les femmes dans Ja science. 2e édition. Paris, 1897. S8vo. 

Fr. 5.00 


REsaL (H.). See SALMON (G.). 

Rupio (F.). See GANTER (H.). 

RUSSELL (B. A. W.). An essay on the foundations of geometry. Cam- 
bridge, University Press (New York, Macmillan), 1897. 8vo. 21 
and 201 pp. Cloth. $2.00 

SALMON (G.). Traité de géométrie analytique 4 deux dimensions, con- 
tenant un exposé des méthodes les plus importantes de la géométrie 
et de l’algébre modernes; traduit de l’anglais par H. Resal et V. 
Vaucheret. 3e édition francaise (conforme 4 la 2e), publi¢e aprés la 
6e édition anglaise. Paris, Gauthier-Villars, 1897. 8vo. 24 and 
698 pp. Fr. 12.00 

SmiTH (R. H.). The calculus for engineers and physicists. Integration 
and differentiation, with applications to technical problems. London, 
1897. 8vo. 188 pp. Cloth. &s. 6d. 


THIELE (T. N.). See WESSEL (C.). 
VALENTINER (H.). See ib. 
VAUCHERET (V.). See SALmon (G.). 
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WeEsseEt (C.). Essai sur la représentation analytique de la direction. 
Traduction du mémoire: Om Directionens analytiske Betegning, 
publiée avec les trois planches de l’original, et préfaces de H. Valen- 
tiner et T. N. Thiele, par 1’Académie royale des sciences et des 
lettres de Danemark, a l’occasion du centenaire de sa présentation 4 
l’ Académie, le 10 mars 1797. Copenhague ( Paris, Gauthier-Villars), 
1897. 4to. 74 pp., 3 plates. Fr. 10.00 


Woops (F.S.). See Bartey (F. H.). 


II. ELEMENTARY MATHEMATICS. 


ANDREUSHKIEVICH (A.). Collection of mathematical problems ( Arith- 
metic, Algebra, Trigonometry). [Russian.] St. Petersburg, 1896. 
8vo. 261 pp. Mk. 6.00 


Atwoop (G. E.). School algebra. New York, Morse, 1897. 16mo. 
372 pp. $1.20 


AUGSCHUN (W.). Grundziige der Geometrie mit geometrischen Kon- 
struktions- und Rechenaufgaben. 2te Auflage. Berlin, Mittler, 
1897. 8vo. 8 and 125 pp., 4 plates. Boards. ME. 1.50 


BECKER (E.). Logarithmisch-trigonometrisches Handbuch auf 5 Deci- 
malen. 2te Ausgabe. Leipzig, Tauchnitz, 1897. 8vo. 16 and 
104 pp. Mk. 1.20 

BéGER (R.). Die Geometrie der Lage in der Schule. [Progr.] Ham- 
burg, Herold, 1897. 8vo. 47 pp. Mk. 2.50 

BUNKOFER (W.). Die arithmetischen FunKtionen der drei ersten Ord- 
nungen. Methodische Studie zum Ausbau der Gymnasialmathe- 
matik. Theil II. Wertheim, 1896. 4to. 18 pp.,1 plate. Mk. 1.50 


Burat (E.). Traité d’arithmétique, 4 l’usage des éléves des lycées et 
colléges et des candidats aux écoles du gouvernement, conforme aux 
derniers programmes. 15e édition, contenant les premiers principes 
sur la théorie des nombres. Paris, Belin, 1897. 8vo. 383 Pp. it 

r. 4. 


FENKNER (H.). Lehrbuch der Geometrie fiir den mathematischen Un- 
terricht an héheren Lehranstalten. (In 2 Teilen.) TeilI: Ebene 
Geometrie. 3te Auflage. Berlin, Salle, 1897. &vo. 8 and 208 pp. 

ME. 2.00 


FISHER (I.) See PHiiuips (A. W.). 


GERARD (L.). Arithmétique 4 l’usage des candidats aux baccalauréats de 
V’enseignement secondaire (classique, 2e partie, le et 2e série; 
moderne, 2e partie, 3e série). Paris, Société d’éditions scientifiques, 
1897. -18mo. 192 pp. Fr. 1.50 


GivpDIcE (F.). Geometria piana. Milano, 1897. 12mo. 391 pp., 10 
plates. Fr. 3.00 


HALLER VON HALLERSTEIN (F.). Lehrbuch der El t thematik 
Nach dem Lehrplane fiir das kéniglich preussische Kadetten- Korps 
bearbeitet von B. Hiilsen. Teil I: Pensum der Quarta und Unter- 
Tertia. 6te Auflage. Berlin, Nauck, 1897. 8vo. 6 and 187 pp. 

Mk. 2.80 


Hopson (E. W.). A treatise on plane trigonometry. 2d edition. Cam- 
bridge, University Press (London, Macmillan), 1897. 8vo. 376 pp. 
12s. 
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Hocuste1n (A.). Arithmetik und Algebra. Heft 1: Lehrsitze und 
Uebungsstoff fiir die Unter-Tertia. Zuniachst fiir Rektoratechulen 
bearbeitet. Lippstadt, Harlinghausen, 1897. S8vo. 56 pp. 

Mk. 0.60 


Hiisen (B.) See HALLER VON HALLERSTEIN. 


JETTER. Die geometrischen Oerter, mit besonderer Beriicksichtigung 
von Spiekers Lehrbuch, unter Beniitzung anderer Quellen zusam- 
mengestellt. 2te Aufiage. Blaubeuren, Mangold, 1897. 8vo. 
12 pp. Mk. 0.20 


KaMBLY und ROEDER. Trigonometrie. Vollstandig nach den preu- 
ssischen Lehrplanen von 1892 bearbeitet. 2te Auflage. 25ste Auflage 
der Kambly’echen Trigonometrie. Lehraufgabe der Ober- Sekunda 
und der Prima, unter Voranstellung der Lehraufgabe der Ober- 
Sekunda. Breslau, Hirt, 1897. S8vo. 189 pp. Mk. 2.00 


KBIMPHOFF (W.). See SCHWERING (K.). 
Magcovu (C. A.). See OXFORD QUESTIONS. 


MavgReER (A.) Maxima und Minima- Aufgaben fiir die Prima héherer 
Lehranstalten. Berlin, 1897. Svo. 5 and 50 pp. MK. 1.40 


(S.). Problemi elementari di applicazione 
alla geometria. Livorno, 1897. 12mo. 170 pp. Fr. 2 


OXFORD QUESTIONS in arithmetic and algebra. Enlarged edition. a. 
taining papers set in responsions from Michaelmas 1880 to September, 
1896. With the answers by C. A. Marcou. London, Simpkin, 1897. 
Svo. 291 pp. 5s. 


PuIturrs (A. W.) and FisHER (I.). Elements of geometry. With an 
appendix, treating of plane curves and plane figures, exercises in 
plane and solid geometry, an introduction to modern geometry, etc. 
New York, Harper, 1897. 8vo. 540 pp. Half leather. $1.75 


MILLER (W. J. C.). Mathematical questions and solutions from the 
Educational Times. Vol. 66. London, 1897. 8vo. 128 pp. Cloth. 
6s. 6d. 


RoEDER. See KAMBLY. 


SANDERSON (T. A. E.). Army mathematical papers; being papers in 
arithmetic, algebra, Euclid, trigonometry, and mensuration, set in 
the Sandhurst and Militia Literary Examinations (class 1) 1890-96; 
with answers. London, 1897. 8vo. 146 pp. Cloth. 6s, 


ScHULLER (W. J.). Ausfiihrliches Lehrbuch der Arithmetik und Alge” 
bra fiir héhere Schulen und Lehrerseminare, besonders zum Selbstun- 
terricht. 2te, um die Logarithmen vermehrte Ausgabe. Leipzig, 
Teubner, 1897. &vo. 25 and 478 pp. Mk. 2.50 


ScHWERING (K.) und KrimpHorr (W.). Anfangsgriinde der ebenen 
Geometrie. Nach den neuen Lehbrplanen bearbeitet. 2te Auflage. 
Freiburg i. B., Herder, 1897. 8vo. 8 and 133 pp. Mk. 1.80 


Servus (H.). Regeln der Arithmetik und Algebra zum Gebrauche an 
héheren Lehranstalten, sowie zum Selbstunterricht. Teil 2: Ober- 
Sekunda und Prima. Berlin, Salle, 1897. 8vo. 3 and 235 pp. 

Mk. 2.40 


ToBEL (E. von). Geometrie fiir Sekundarschulen. Ziirich, Fissli, 
1897. 8vo. 126 pp. Boards. Mk. 1.30 
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VIERSTELLIGE LOGARITHMISCHE TASCHENTAFEL. Herausgegeben von 
der trigonometrischen Abteilung der kéniglich preussischen Landes- 
aufnahme. Berlin, Mittler, 1897. S8vo. 6 pp. Mk. 0.30 


WorrusBa (R.). Einleitung in die Trigonometrie. Fiir techni-che 
Lehranstalten und zum Selbstunterrichte. Altenburg, Bonde, 1897. 
8vo. 5 and 55 pp., 4 plates. Mk. 1.70 


Zwicky (M.). Grundriss der Planimetrie und Stereometrie, nebst 
Uebungsaufgaben. Teil 1: Planimetrie. 2te Auflage. Bern, 
Schmidt & Francke, 1897. 8vo. 5and94pp. Boards. Mk. 1.50 


Ill. APPLIED MATHEMATICS. 


AKERLUND (J. R.). De absoluta enheterna och darur hiarledda prak- 
tiska, elektriska mekaniska Enheter, isammenhang med Liran om 
Magnetism och Elektricitet. Boras, 1897. S8vo. 152 pp. 

Mk. 3.00 


APPEL (J.). See La Cour (P.). 


Apt (R.). Ueber den Einfluss des primiaren Erregers auf Form und 
Intensitat der elektrischen Schwingungen im Lecherschen System. 


Berlin, 1897. 8vo. 52 pp. Mk. 2.00 
BéEcourT (L.). Choi d’épures de gométrie descriptive et de géométrie 
cotée. Paris, 1897. 4to. Fr. 6.00 


BERENS (L. H.). See SINGER (J.). 


BERTOLDO (G.). Compendio di termodinamica applicata. (3 volumi, 
4 parti.) Vol. I (parts 1 and 2) and Vol. II (part 3). Torino, 


1897. 8vo. Fr. 9.00 
BLAINE (R. G.). Hydraulic machinery; introduction to hydraulics. 
London, 1€97. 8vo. 392pp. Cloth. 14s. 


Bols-REYMOND (E. pu). Herrmann von Helmholtz; Gedichtnissrede. 
Leipzig, Veit, 1897. 8vo. 80 pp. Mk. 2.00 


BovussinesQ(J.). Théorie de l’écoulement tourbillonnant et tumultueux 
des liquides dans les lits rectilignes 4 grande section. Paris, 1897. 
4to. 40 pp. 


BREMIKER (C.). See CRELLE (A. L.). 


BURGSDORFF (A. VON) und RECKLINGHAUSEN (von). Tafeln zur 
Flugbahnberechnung der Infanteriegeschosse, nebst kurzer Anleitung 
zam Gebrauch der Tafeln. Berlin, 1897. 8vo. 6 and 213 pp., 
1 table. Mk. 6.00 


BrYAN (G. H.) and RosENBERG (F.). Mechanics of fluids, first stage. 
For the elementary examination of the Science and art department. 
London, Clive, 1897. 8vo. 216 pp. 2s. 


CARLHEIM-GYLLENSKOLD (V.). Sur la forme analytique de l’attraction 
magnétique de la terre exprimée en fonction du temps. Stockholm, 
1896. 4to. 36 pp., 3 maps. 


CHANEY (H. J.). Our weights and measures. Practical treatise on 
the standard weights and measures in use in the British Empire, 
with some account of the metric system. London, 1897. 8vo. 
With 13 plates. Cloth. 7s. 6d. 
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CRELLE (A. L.). Calculating tables giving the products of every two 
numbers from 1 to 1000. Revised by C. Bremiker. 1st English 


edition. London, Nutt, 1897. Folio. 21s. 
DERIUGIN (M. I.). Elementary mechanics. 3d edition. [Russian.] 
St. Petersburg, 1896. 8vo. 150 pp., 3 plates. Mk. 4.00 
DuueM (P.). Théorie thermodynamique de la viscosité, du frottement 
et des faux-équilibres chimiques. Paris, 1897. 8vo. Fr. 6.00 


L’évolution des théories physiques, du 17e siécle 4 nos jours. 
Paris, 1896. 8vo. Fr. 3.00 


Duncan (L.). See GERARD (E.). 
Duncan (R.C.). See ib. 


Exsert (H.). Magnetische Kraftfelder. Die Erscheinungen des Mag- 
netismus, Elektromagnetismus und der Induktion, dargestellt auf 
Grund des Kraftlinien-Begriffs. Leipzig, Barth, 1897. 8vo. 28 pp. 
and pp. 225-499, 1 plate. Cloth. Mk. 10.00 


EBERT (W.). In wie weit kann ein Stern mit grosser Geschwindigkeit 
die Stabilitat eines Planetensystems beeinflussen? Steckholm, 1896. 
4to. 11 and 77 pp., 1 plate. Mk. 3.00 


GERARD (E.). Electricity and magnetism. From the 4th French edi- 
tion under the supervision of L. Duncan, by R. C. Duncan. New 


York, Johnston, 1897. 12mo. 404 pp. $2.50 
GoLDBECK (E.). Die Gravitationshypothese bei Galilei und Borelli. 
[Progr.] Berlin, Gaertner, 1897. 4to. 31 pp. Mk. 1.00 


GUNTHER (S.). Handbuch der Geophysik. 2te, ganzlich umgearbeitete 
Auflage. (In 2 Biinden.) Stuttgart, 1897. 8vo. Lieforung 1. pp. 
1-128. Mk. 3.00 


HOLLEFREUND (K.). Anwendungen des Gauss’schen Principes vom 
kleinsten Zwange. [Progr.] Berlin, Gaertner, 1897. 4to. 24 pp., 
2 plates. Mk. 1.00 
HotzMULuer (G.). Die Ingenieur-Mathematik in elementarer Behand- 
lung. Teil I, enthaltend die statischen Momente und Schwer- 
punktslagen, die Tragheits- und Centrifugalmomente fiir die wichtig- 
sten Querschittsformen und Korper der technischen Mechanik in 
rechnerischer und graphischer Behandlung, unter Beriicksichtigung 
der Methoden von Nehls, Mohr, Culmann, Land und Reye. Mit 
zahlreichen Uebungsaufgaben. Leipzig, Teubner, 1897. 8vo. 11 
and 340 pp. Cloth. MK. 5.00. 


JOUBERT (J.). See Mascart (E.). 


KeEcK (W.). Vortrige iiber Mechanik als Grundlage fiir das Bau- und 
Maschinenwesen. (In3Theilen.) Theil II: Mechanik elastisch- 
fester und fliissiger Korper. Hannover, Helwing, 1897. 8vo. 8 
and 367 pp. Mk. 12.00 


KERBER(A.). Beitrige zur Dioptrik. 3tes Heft. Leipzig, Fock, 1897. 
8vo. 16 pp. Mk. 0.50 


Knorr (C.G.). Physics. Elementary text-book for university classes. 
London, 1897. 8vo. 644 pp. Cloth. 7s. 6d. 


La Cour (P.) og APPEL (J.). Historisk Fysik i den aeldre Natur- 
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forsékning. (In about 30 parts). Kjibenhavn, 1897. 8vo. Parts 1 


to 10, pp. 1 to 320. Mk. 9.10 
LECOINTE (G.). La navigation astronomique et la navigation estimée. 
Nancy, 1897. 4to. 400 pp. Fr. 15.00 


LORENZ (L.). Ocuvres scientifiques, revues et annotées par H. Valen 
tiner; publiées au frais de la fondation Carlsberg. Vol. I, a 
2. Copenbague, 1896. 8vo. pp. 1 to 210. "Mk. 4.50 


LUDENDORFF (H.). Die Jupiter-Stérungen der kleinen Planeten vom 
Hecuba-Typus. Berlin, 1896. 4to. 40 pp. Mk. 2.40 


Mascart (E.) et JouBERT(J.). Lecons sur!’ électricité et le magnétisme. 
2e édition, entiérement refondue par E. Mascart. Vol. II: Méthodes 
de mesure et applications. Paris, Masson, 1897. 8vo. 921 pp. 

Fr. 25.00 


NEERASSOFF (P. A.). Recherches analytiques sur un cas de rotation 
d’un solide pesant autour d’un point fixe. Paris, Gauthier-Villars, 


1897. 8vo. Fr. 2.00 
PELLAT (A.), DUPERRAY et GoisoT. Thermodynamique. Paris, 1897. 
8vo. 8 and 386 pp. Fr. 12.00 


PLanck (M.). Vorlesungen iiber Thermodynamik. Leipzig, Veit, 
1897. 8vo. 7and 248 pp. Cloth. k. 7.50 


PoINcalReE (H.). Véquilibre et le mouvement des mers. 2 
Paris, 1896. 4to. Fr. 5.00 


RECKLINGHAUSEN ran, See BURGSDORFF (A. VON’). 
ROSENBERG (F.). See BRYAN (G. H.). 


ScHULTE (A.). Wirkungsweise des Wassers im Laufrade der Turbinen. 
Berlin, Siemens, 1897. 4to. 16 pp. Mk. 0.80 


SINGER (J.) and BERENS (L. H.). Some unrecognized laws of nature. 
Inquiry into the causes of physical phenomena, with special reference 
to gravitation. London, 1897. 8vo. 500 pp. Cloth. 18s. 6d. 


Spitzer (S.). Tabellen fiir die Zinseszinsen- und Rentenrechnung, mit 
Anwendung derselben auf Berechnung von Anlehen, Construction 
von Amortisationsplanen, etc. 4te Auflage. Wien, Gerold, 1897. 
8vo. 8 and 513 pp. Mk. 15.00 


THAA (G. Von). Anleitung zum Gebrauche des logarithmischen Rech- 
enschiebers fiir die Zwecke des Technikers. Wien, Hof- und Staate- 
druckerei, 1897. 8vo. 59 pp. MK. 0.80 


VAILATI (G.). Sull’ importanza delle ricerche relative alla storia delle 
scienze. Prolusione a un corso sulla storia della meccanica, letta il 
giorno 4 dicembre 1896 nell’Universita di Torino. Torino, Frassati, 
1897. 8vo. 22 pp. 


WALLENTIN (I. G.). Lehrbuch der Elektricitiit und des Magnetismus. 
Mit besonderer Beriicksichtigung der neueren Anschauungen iiber 
elektrische Energieverhaltnisse und unter Darstellung der den An- 
wendungen in der Technik zugrunde liegenden Principien. 4" 
gart, Enke, 1897. 8vo. 8 and 394 pp. Mk. 8.00 


WessTER (A. G.). The theory of electricity and magnetism; being 
lectures on mathematical physics. New York, Macmillan, 1897. 
8vo. 588 pp. $3.50 
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SIXTH ANNUAL LIST OF PAPERS 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES 
TO THE PLACES OF THEIR PUBLICATION. 


BécHER, M. On Certain Methods of Sturm and their Application to the 
Roots of Bessel’s Functions. Read Feb. 27, 1897. Bulletin of the 
American Mathematical Society, vol. 3, No. 6, pp. 205-213 ; March, 
1897. 


Brown, E. W. The Theoretical Values of the Mean Motions of the 
Lunar Perigee and Node. Read Dec. 30, 1896. Monthly Notices of 
the Royal Astronomical Society, vol. 57, No. 5, pp. 332-349 ; March, 
1897. 


Davis, E. W. On the Continuity of Chance. Read Sept. 1, 1896. 
Nebraska University Studies, vol. 2, No. 2, pp. 131-146 ; Jan., 1897. 


— A Geometrical Picture of the Fifteen School Girl Problem. Read 
(Chicago) Jan. 1, 1897. Annals of Mathematics, vol. 11, No. 5, pp. 
156-157 ; June, 1897. 


— A Note on the Invariance of the Factors of Composition of a Group. 
Read (Chicago) Dec. 31, 1896. American Journal of Mathematics, vol. 
19, No. 2, p. 191; April, 1897. 


Dickson, L. E. The Analytic Representation of Substitutions ona Power 
of a Prime Number of Letters, with a Discussion of the Linear Group. 
Read Aug. 31, 1896. Annals of Mathematics, vol. 11, Nos. 3 and 4, 
pp. 65-120, Feb.—Apr., 1897. 


— A Triply-Infinite System of Simple Groups. Read Aug. 31, 1896. 
Quarterly Journal of Mathematics, vol. 29, No. 114, pp. 167-178 ; July, 
1897. 


— Systems of Continuous and Discontinuous Simple Groups. Read 
April 24, 1897. Bulletin of the American Mathematical Society, vol. 3, 
No. 8, pp. 265-273 ; May, 1897. 


Fiske, T.S. Note on the Integration of a Uniformly Convergent Series 
Through an Infinite Interval. Read Jan. 30, 1897. Bulletin of the 
American Mathematical Society, vol. 3, No. 6, pp. 223-224; March, 
1897. 


Hitu, J. E. Bibliography of Surfaces and Twisted Curves. Read May 
23, 1896. Bulletin of the American Mathematical Society, vol. 3, No. 4, 
pp. 133-146 ; Jan. 1897. 


HUTCHINSON, J. I. A Special Form of Quartic Surface. Read Aug. 31. 
1897. Annals of Mathematics, vol. 2, No. 5, pp. 158-160 ; June, 1897, 


HYDE, E. W. Loci of the Equations p= ¢"“e and p=¢" ye. Read Aug. 


31, 1896. Zeitschrift fiir Mathematik und Physik, vol. 42, No. 3, pp. 
122-132 ; July, 1897. 


KLEIN, F. On the Stability of a Sleeping Top. Read (Princeton Meet- 
ing) Oct. 17, 1896. Abstract in Bulletin of the American Mathematical 
Society, vol. 3, No. 4, pp. 129-132 ; Jan. 1897. [Errata noted in vol. 
3, No. 8, p. 292.] 
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McCurntTockK, E. On the Most Perfect Forms of Magic Squares, with 
Methods for their Production. Read April 25, 1896. American 
Journal of Mathematics, vol. 19, No. 2, pp. 99-120 ; April, 1897. 


—— On a Solution of the Biquadratic which Combines the Method of 
Descartes and Euler. Read May 29, 1897. Bulletin of the American 
Mathematical Society, vol. 3, No. 10, pp. 389-390 ; July, 1897. 


Martin, A. Formulas for the sides of Rational Plane Triangles. Read 
Aug. 27, 1895. Mathematical Magazine, vol. 2, No. 11, pp. 221-236; 
{No. incomplete, undated. ] 


—— A Method of Finding, Without Tables, the Number Correspond- 
ing to a Given Logarithm. Read Sept. 1, 1896. Mathematical Maga- 
zine, vol. 2, No. 11, pp. 237-240; [No. incomplete, undated. ] 
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